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ABSTRACT 

In this work, the authors introduce the concept of neutrosophic semi-metric spaces 

and prove several common fixed-point theorems for countable and uncountable 

family of mappings via an implicit relation of contractive and integral type by utilizing 

locally integrable functions. These results improve and generalize the several results 

in the existing literature. Further, the authors present some non-trivial examples to 

support our main results.  
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1. Introduction and Preliminaries 

A metric space is a set-in mathematics and computer science that has a distance function (metric) that fulfils 

specific criteria, like symmetry, non-negativity, and the triangle inequality. Some of these properties are relaxed in a 

semi-metric space, usually the symmetry requirement. The distance between point 𝑎 and point 𝑏 may not equal the 

distance between point 𝑏 and point 𝑎 in a semi-metric space. In today's world, uncertainty and fuzziness are 

common in many applications. To capture the fuzziness and ambiguity of information, fuzzy sets (FSs) were first 

presented by Zadeh [1]. In 1975, Kramosil and Michalek [2] established fuzzy metric spaces (FMSs) by utilizing the 

concept of FSs. Then, George and Veeramani [3] modified the notion of FMSs by defining a Hausdorff topology on 

a FMSs presented by [2]. Grabiec [4] defined the notions of convergence, Cauchyness and completeness on FMSs. 

Further, he proved Banach and Edelstein contraction principal versions in the framework of FMSs. Hu [5] produced 

some excellent work for various contraction types in FMSs. Deng [6] used the idea of point wise R-weak 

commutativity to obtained common FP theorems in fuzzy pseudo-metric spaces for a pair of self-maps without 

making any assumptions about the completeness of space or the continuity of the underlying mappings. Cho et al. 

[7] provided definitions of compatible mappings of types (I) and (II) in FMSs, and proved some common FP theorems 

for four mappings under the assumption of compatible mappings of types (I) and (II) in complete FMSs. Javed et al. 

[8] introduced ℜ -controlled FMSs and proved several fixed point results.  

An IFS was established by Atanassove [9] as a generalization of FSs. In 2004, Park [10] developed the concept of 

intuitionistic fuzzy metric space (IFMS) using continuous t-norms (CTNs) and continuous t-conorms (CTCNs). Alaca 

et al. [11] proposed IFMS with CTNs and CTCNs and demonstrated a number of FP theorems for contraction 

mappings. Sharma et al. [12] proved several FP results for weakly compatible mappings in IFMSs structure. Davvaz 

et al. [13] used IFSs and accomplished a nice work. Kumar et al. [14] developed the ideas of weak compatibility and 

the E. A. property for mixed g-monotone mappings in the context of IFMS, and then used these ideas to derived a 

coupled FP theorem for these nonlinear contractive mappings. Saadati and Park [15] defined pre compact sets and 

demonstrated that any subset is only compact if and only if it is pre-compact and complete in IFMSs. In addition, he 

established the definition of topologically complete fuzzy metrizable spaces that are intuitionistic and demonstrated 

that any 𝐺𝛿 set in a complete IFMSs is an intuitionistic fuzzy metrizable space that is topologically complete, and 

vice versa. Furthermore, to relaxing the symmetric condition, Wilson et al. [16] on a set 𝑋 with the function 𝐹 and 

without using the triangle inequality or relaxing the symmetric condition, he obtained some common FP theorems 

for the recently introduced concept of PD-operators.  

The notion of neutrosophic sets established by Smarandache [17] as a generalization of IFSs. Based on the idea 

of NSs, Kirişci and Simşek [18] presented the notion of neutrosophic metric spaces (NMSs) and provided topological 

structure of NMSs. Simsek and Kirişci [19] proved a number of FP theorems using the idea of NMS. The concept of 

orthogonal NMSs was coined by Ishtiaq et al. [20] and demonstrated some FP results in the context of complete 

orthogonal NMSs. Sowndrara et al. [21] derived several FP results for generalized contractions in NMSs. Uddin et al. 

[22] developed the notion of controlled neutrosophic metric-like spaces, which generalized the concept of NMSs 

and provided several fixed point results. Ali et al. [23] proved several new FP results for weakly compatible and 

contractive mappings in the context of NMSs. 

Aliouche [24] established a common FP theorem for weakly compatible mappings in symmetric spaces that 

satisfied an integral contractive condition and property (E.A). Merghadi and Godet-Thobie [25] provided common 

FP results for any family of maps that is not necessarily countable in the context of IFMSs. Sastry and Murthy [26] 

established a common FP of two partially commuting tangential self-maps on a metric space that extended to 

symmetric spaces. Aamri and El Moutawakil [27] used the idea of T-weakly and S-weakly commuting mappings 

satisfying generalized contractive conditions to prove common FP theorems in symmetric spaces for two pairs of 

hybrid mappings. Al-Thagafi, and Shahzad [28] introduced a new class of self-maps that fulfill the (E.A.) property 

with respect to some 𝑞 ∈ 𝑀, where 𝑀 is a q-star-shaped subset of a convex metric space, and established common 

FP results for this new class of self-maps. Using the concept of a pair of mappings satisfying property (E.A), it was 

discussed a general common FP theorem of integral 𝛷- type for two pairs of weakly compatible mappings satisfying 
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specific integral type implicit relations in symmetric spaces by Pathak et al. [29]. The idea of weak compatibility was 

used to demonstrate a common FP theorem of Gregus type for four mappings fulfilled an integral type contractive 

condition established by Djodi and Aliouche [30]. Alioche and Popa [31] provided the idea of occasionally weakly 

compatible mappings was used to prove common FP theorems for four mappings that satisfy implicit relations in 

symmetric spaces. Godet-Thobie and Merghadi [32] proved common fixed point results in the context of 

intuitionistic fuzzy semi-metric spaces (IFSMSs). Authors in [33-43] worked on different applications of fixed point 

theory. Younas et al. [44-54] worked on different applications by using fixed point results including the vibrations of 

a vertical heavy hanging cable, damped spring‐mass system and deformation of an elastic beam. Authors in [55-63] 

presented several fixed point and best proximity point results in a number of generalized spaces. Some interesting 

fixed point results presented in the setting of Gauge spaces, Hausdorff Gauge spaces and some other generalized 

spaces by [64-69]. By using dislocated b-metric spaces, FMSs and generalized metric spaces, authors [70-77] proved 

fixed point theorems on closed ball, by using multivalued mappings and single valued mappings. Authors in [78-84] 

presented fixed point results for interpolative contractions, multivalued contractions and single valued contraction 

mappings in the settings of dislocated metric spaces and generalized FMSs. Authors in [85-92] provided several fixed 

point results via probabilistic type contractions, Suzuki type contractions and non-linear contractions in the 

framework of probabilistic metric spaces and generalized metric spaces. Several properties of k-FMSs, FMSs are 

discussed in [93-96] with some applications. In [97-100] authors used C*-algebra valued metric spaces and some 

other spaces to find out the fixed point via different single valued contraction mappings. Authors in [101-109] 

presented several applications of fixed point theory.  

In this paper, the authors defined the concept of neutrosophic semi-metric spaces (NSMSs) as a generalization 

of IFSMSs and fuzzy semi-metric spaces (FSMSs). In FSMSs, just the membership function is employed, whereas in 

IFSMSs, both membership and non-membership functions are used. The authors used membership, non-

membership, and neutral functions in NSMSs. Several common fixed-point theorems for countable and 

uncountable families of mappings employing contractive and integral type implicit relations are presented in this 

new framework, along with non-trivial examples. 

Definition 1.1: [10] A binary operation ∗∶ [0, 1] × [0, 1] → [0, 1] is a CTN if it satisfies the following conditions: 

(1) ∗  is associative and commutative,  

(2) ∗  is continuous 

(3) 𝑎 ∗ 1 =  a for all 𝑎 ∈ [0, 1], 

(4) 𝑎 ∗ 𝑏 ≤  𝑐 ∗ 𝑑 whenever 𝑎 ≤  𝑐 and 𝑏 ≤  𝑑, for each 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 

Definition 1.2: [10] A binary operation ◊: [0, 1] × [0, 1] → [0, 1] is a CTCN if it satisfies the following conditions: 

(1) ◊ is associative and commutative,  

(2) ◊ is continuous, 

(3) 𝑎 ◊ 0 = a for all 𝑎 ∈ [0,1], 

(4) 𝑎 ◊ 𝑏 ≤ 𝑐 ◊ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑, for each 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 

Definition 1.3: [18] A 6-tuple (Ω,𝔙,𝔇, 𝔏,∗,◊ ) is a NMS if Ω is an arbitrary (non-empty) set, ∗ is a CTN ◊ a CTCN, 𝔙,𝔇 

and 𝔏 are NSs on Ω² ×]0, +∞[, fulfill the following conditions for each 𝜁, 𝜍, ℵ ∈ Ω and ʌ, 𝜏 > 0, 

(NMS1) 𝔙 (𝜁, 𝜍, ʌ) + 𝔇(𝜁, 𝜍, ʌ) + 𝔏(𝜁, 𝜍, ʌ) ≤ 3, 

(NMS2) 𝔙 (𝜁, 𝜍, ʌ)  >  0, 

(NMS3) 𝔙 (𝜁, 𝜍, ʌ) =  1  if and only if 𝜁 =  𝜍, 

(NMS4) 𝔙 (𝜁, 𝜍, ʌ) = 𝔙 (𝜍, 𝜁, ʌ), 
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(NMS5) 𝔙 (𝜁, 𝜍, ʌ) ∗ 𝔙 (𝜍, ℵ, 𝜏) ≤  𝔙 (𝜁, ℵ, ʌ +  𝜏), 

(NMS6) 𝔙(𝜁, 𝜍,∙): ]0, +∞] → ]0.1] is continuous, 

(NMS7) 𝔇(𝜁, 𝜍, ʌ) = 0 if and only if 𝜁 = 𝜍, 

(NMS8) 𝔇(𝜁, 𝜍, ʌ) = 𝔇(𝜁, 𝜍, ʌ), 

(NMS9) 𝔇(𝜁, 𝜍, ʌ) ◊ 𝔇(𝜍, ℵ, ʌ) ≥  𝔇 (𝜁, ℵ, ʌ +  𝜏), 

(NMS10) 𝔇 (𝜁, 𝜍,∙) ∶ ]0, +∞[ → ]0, 1] is continuous, 

(NMS11) 𝔏(𝜁, 𝜍, ʌ) = 0 if and only if 𝜁 = 𝜍, 

(NMS12) 𝔏(𝜁, 𝜍, ʌ) = 𝔏(𝜁, 𝜍, ʌ), 

(NMS13) 𝔏(𝜁, 𝜍, ʌ) ◊ 𝔏(𝜍, ℵ, ʌ) ≥  𝔏 (𝜁, ℵ, ʌ +  𝜏), 

(NMS14) 𝔏 (𝜁, 𝜍,∙) ∶ ]0, +∞[ → ]0, 1] is continuous. 

Then, (𝔙,𝔇, 𝔏) is called a neutrosophic metric on Ω. 

Definition 1.4: [32] A 6-tuple (Ω, 𝔙,𝔇,∗ ,◊ ) is an IFSMS if Ω is an arbitrary (non-empty) set, ∗ is a CTN, ◊ a CTCN, 𝔙 

and 𝔇 are FSs on Ω² ×]0, +∞[, satisfying the following conditions for each 𝜁, 𝜍, ℵ ∈ Ω and ʌ, 𝜏 > 0, 

(IFSM1) 𝔙 (𝜁, 𝜍, ʌ) +  𝔇( 𝜁, 𝜍, ʌ) ≤ 1, 

(IFSM2) 𝔙 (𝜁, 𝜍, ʌ) > 0,  

(IFSM3) 𝔙 (𝜁, 𝜍, ʌ) = 1 if and only if 𝜁 = 𝜍, 

(IFSM4) 𝔙 (𝜁, 𝜍, ʌ)  =  𝔙 (𝜍, 𝜁, ʌ), 

(IFSM5) 𝔙 (𝜁, 𝜍,∙): ]0, + ∞[ → ]0, 1] is continuous, 

(IFSM6) 𝔇(𝜁, 𝜍, ʌ)  =  0 if and only if 𝜁 =  𝜍, 

(IFSM7) 𝔇(𝜁, 𝜍, ʌ) =  𝔇(𝜍, 𝜁, ʌ), 

(IFSM8) 𝔇(𝜁, 𝜍,∙): ]0, + ∞[ → ]0, 1] is continuous. 

Then, (𝔙,𝔇) is called an intuitionistic fuzzy semi metric on Ω.  

2. Neutrosophic Semi-Metric Spaces 

In this section, we define the notion of NSMSs. We study some topological properties and then we extend, some 

classical properties which are usually used in generalized metric spaces to prove common FP theorems. 

Definition 2.1: A 6-tuple (Ω, 𝔙,𝔇, 𝔏,∗ ,◊ ), is a NSMS if ∗ is a CTN, ◊ a CTCN, 𝔙,𝔇 and 𝔏 are NSs 

on Ω² ×]0, +∞[, satisfying the following conditions for each 𝜁, 𝜍, ℵ ∈ Ω and ʌ, 𝜏 > 0, 

(NSMS1) 𝔙 (𝜁, 𝜍, ʌ) +  𝔇( 𝜁, 𝜍, ʌ) + 𝔏(𝜁, 𝜍, ʌ)  ≤  3, 

(NSMS2) 𝔙 (𝜁, 𝜍, ʌ) >  0,  

(NSMS3) 𝔙 (𝜁, 𝜍, ʌ)  =  1 if and only if 𝜁 =  𝜍, 

(NSMS4) 𝔙 (𝜁, 𝜍, ʌ)  =  𝔙 (𝜍, 𝜁, ʌ), 

(NSMS5) 𝔙 (𝜁, 𝜍,∙): ]0, + ∞[ → ]0, 1] is continuous, 

(NSMS6) 𝔇(𝜁, 𝜍, ʌ)  =  0 if and only if 𝜁 =  𝜍, 

(NSMS7) 𝔇(𝜁, 𝜍, ʌ) =  𝔇(𝜍, 𝜁, ʌ), 
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(NSMS8) 𝔇(𝜁, 𝜍,∙): ]0, + ∞[ → ]0, 1] is continuous. 

(NSMS9) 𝔏(𝜁, 𝜍, ʌ)  =  0 if and only if 𝜁 =  𝜍, 

(NSMS10) 𝔏(𝜁, 𝜍, ʌ) =  𝔏(𝜍, 𝜁, ʌ), 

(NSMS11) 𝔏(𝜁, 𝜍,∙): ]0, + ∞[ → ]0, 1] is continuous. 

Then, (𝔙,𝔇, 𝔏) is called a neutrosophic semi-metric (NSM) on Ω.  

Example 2.1: Let (Ω, 𝔙,𝔇,∗ ,◊ ) be as following: Ω = [0, 1], 𝑎 ∗ 𝑏 = 𝑎𝑏, 𝑎 ◊ 𝑏 = max{𝑎, 𝑏}, 

𝔙 (𝜁, 𝜍, ʌ) = {

1                 if 𝜁 = 𝜍,

max {
𝜁

2
,
𝜍

2
}  if 𝜁 ≠ 𝜍,

 

𝔇(𝜁, 𝜍, ʌ) = {

0           if 𝜁 ≠ 𝜍,

|
𝜁

2
−
𝜍

2
|   if 𝜁 ≠ 𝜍

 

and  

𝔏(𝜁, 𝜍, ʌ) = {

0                 if 𝜁 ≠ 𝜍,

min {
𝜁

2
,
𝜍

2
}  if 𝜁 ≠ 𝜍.

 

Then, (Ω,𝔙,𝔇, 𝔏,∗,◊) is a NSMS. 

We can easily check that all conditions of Definition 2.1 are satisfied and that conditions (NMS5) and (NMS9) of 

Definition 1.3 are not satisfied. So (Ω,𝔙,𝔇, 𝔏,∗,◊) is a NSMS. 

Example 2.2: Let (Ω,𝔙,𝔇,∗,◊ ) be as following:  Ω =  [0, 1],   𝑎 ∗ 𝑏 = 𝑎𝑏, 𝑎 ◊  𝑏 = min{1, 𝑎 + 𝑏},  

𝔙(𝜁, 𝜍, ʌ) = {

1                    if 𝜁 = 𝜍,

max {
𝜁

2
,
𝜍

2
}    if 𝜁 ≠ 𝜍,

 

𝔇(𝜁, 𝜍, ʌ) = {

0         if 𝜁 = 𝜍,

min {
𝜁

2
,
𝜍

2
} if 𝜁 ≠ 𝜍,

 

and 

𝔏(𝜁, 𝜍, ʌ) = {

0        if 𝜁 = 𝜍,

|
𝜁

2
−
𝜍

2
|   if 𝜁 ≠ 𝜍.

 

Then, (Ω,𝔙,𝔇, 𝔏,∗,◊) is a NSMS. 

Following George and Veeramani [3], we can define a topology on Ω by the family of open sets as follows. 

Definition 2.2: Let (Ω,𝔙,𝔇, 𝔏,∗,◊) ,be a NSMS. For ʌ > 0, the open ball 𝐵(𝜁, 𝑟, ʌ) with center 𝜁 ∈ Ω and radius 0 <

𝑟 < 1 is defined by 

𝐵(𝜁, 𝑟, ʌ) =  {𝜍 ∈ Ω: 𝔙(𝜁, 𝜍, ʌ) > 1‒ 𝑟 , 𝔇(𝜁, 𝜍, ʌ) < 𝑟 and 𝔏(𝜁, 𝜍, ʌ) < 𝑟} 

A subset 𝐴 ⊂ Ω is called an open set if, for each 𝜁 ∈ 𝐴, there exist ʌ >  0 and 0 <  𝑟 <  1 such that 𝐵(𝜁, 𝑟, ʌ)  ⊂  𝐴. 

Let 𝒯(𝑚, 𝑛, 𝑜) denote the family of all open subsets of Ω. Then 𝒯(𝑚, 𝑛, 𝑜) is called the topology on Ω induced by the 

NSM (𝔙,𝔇, 𝔏). It is easy to show that 𝒯(𝑚, 𝑛, 𝑜) is a topology on Ω. This topology is generally not Hausdorff in context 

to NSMSs. 
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Definition 2.3: Let (Ω,𝔙,𝔇, 𝔏,∗,◊) be a NSMS. 

(I) A sequence (𝜁𝑛) in Ω converges to 𝜁 if and only if 𝔙(𝜁𝑛,, 𝜁, ʌ) → 1 , 𝔇(𝜁𝑛 , 𝜁, ʌ) → 0 and 𝔏(𝜁𝑛 , 𝜁, ʌ) → 0 as 𝑛 → ∞, for 

each ʌ > 0. 

(II) A sequence (𝜁𝑛) in Ω is called a Cauchy sequence if, for every 0 <  𝜀 <  1 and every ʌ >  0, there exists 𝑛0 ∈  𝔇 

such that, for all 𝑛 ≥ 𝑛0 and 𝑚 ≥  𝑛0, 𝔙(𝜁𝑛 , 𝜁𝑚 , ʌ) > 1 − 𝜀, 𝔇(𝜁𝑛 , 𝜁𝑚 , ʌ) < 𝜀 and 𝔏(𝜁𝑛 , 𝜁𝑚 , ʌ) < 𝜀.  

Proposition 2.1: Let (Ω,𝔙,𝔇, 𝔏,∗ ,◊ ) be a NSMS and 𝒯(𝑚, 𝑛, 𝑜) is topology on Ω induced by the NSM (𝔙,𝔇, 𝔏). Then 

the convergence in the topological space (Ω, 𝒯(𝑚,𝑛,𝑜)) coincides with that one of Definition 2.3. 

Proof: The proof similar to that one of Theorem 3.11 (Park [10]) of given in the context of NSMS. If, according to 

Definition 2.3 

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0, 

and  

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜁, ʌ) = 0, 

for every ʌ > 0, then for 𝑟 ∈ [0,1] there exist 𝑛0 such that 

𝔙(𝜁𝑛 , 𝜁, ʌ) > 1 − 𝑟, 𝔇(𝜁𝑛 , 𝜁, ʌ) < 𝑟 and (𝜁𝑛 , 𝜁, ʌ) < 𝑟 , 

for all 𝑛 ≥ 𝑛0. So, 𝜁𝑛 ∈ 𝐵(𝜁, 𝑟, ʌ) for all 𝑛 ≥ 𝑛0, that is, (𝜁𝑛) converges to 𝜁 in (Ω,𝒯(𝔙,𝔇,𝔏)). Now let 

ʌ > 0 and 𝜁𝑛 → 𝜁. For 𝑟 ∈ ]0,1[ there exist 𝑛0 such that for every 𝑛 ≥ 𝑛0, 𝜁𝑛 ∈ 𝐵(𝜁, 𝑟, ʌ). That is 

𝔙(𝜁𝑛 , 𝜁, ʌ) > 1 − 𝑟 and 𝔇(𝜁𝑛 , 𝜁, ʌ) < 𝑟  and 𝔏(𝜁𝑛 , 𝜁, ʌ) < 𝑟 for all 𝑛 ≥ 𝑛0 and  

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0, 

and  

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜁, ʌ) = 0. 

Proposition 2.2: Let (Ω,𝔙,𝔇, 𝔏,∗,◊ ) be a NSMS. The topology 𝒯(𝑚,𝑛,𝑜) on Ω is independent of 𝔇 and identical to 

that one of the fuzzy semi-metric spaces (FSMS) (Ω,𝔙,∗). 

Proof: It is sufficient to prove that open balls of two topologies are same. 

Let 

𝐵(𝔙,𝔇)(𝜁, 𝑟, ʌ) = {𝜍 ∈ Ω:𝔙(𝜁, 𝜍, ʌ) > 1 − 𝑟 }, 𝔇(𝜁, 𝜍, ʌ) < 𝑟  and 𝔏(𝜁, 𝜍, ʌ) < 𝑟 }, 

the ball in the NSMS and 

𝐵(𝜁, 𝑟, ʌ) = {𝜍 ∈ Ω:𝔙(𝜁, 𝜍, ʌ) > 1 − 𝑟}, 

that one in the FSMS (Ω,𝔙,∗). It is clear that 𝐵(𝔙,𝔇,𝔏)(𝜁, 𝑟, ʌ) ⊂ 𝐵(𝜁, 𝑟, ʌ). For opposite inclusion, if 

𝜍 ∈ 𝐵(𝜁, 𝜍, ʌ), 𝔙(𝜁, 𝜍, ʌ) > 1 − 𝑟, 
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and from (NSMS1) of Definition 2.1, 

𝔇(𝜁, 𝜍, ʌ) < 𝑟, 𝔏(𝜁, 𝜍, ʌ) < 𝑟  and 𝜍 ∈ 𝐵(𝔙,𝔇,𝔏)(𝜁, 𝑟, ʌ). 

3. Some Properties of the NMS and NSMS 

In the first part, we show that every NSMS satisfies classical properties which are usually used in generalized 

metric spaces to prove common FP theorems. They are properties (W4), (W3) in Wilson [16], (H.E) in (Aamri and El 

Moutawakil, [27]), (CE.1) and (CE.2) in (Pathak et al. [29]). In the second part, we extend in the context of NSMSs, 

some properties of compatibility.  

Now, we recall their definitions. The two next properties were introduced by Wilson (Wilson [16]). We give an 

extension of them which is adapted to NSMSs. 

Definition 3.1: A NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) satisfies the property (W3) if and only if, given (𝜁𝑛)𝑛∈𝔇, 𝜁 and 𝜍 in Ω. If for 

each ʌ > 0, on the one hand, lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1 and lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜍, ʌ) = 1 and on the other hand lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0 and 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜍, ʌ) = 0, lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0 and lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0   then 𝜁 = 𝜍. 

Definition 3.2: A NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) satisfies the property (W4) if and only if given 𝜁, (𝜁𝑛)𝑛∈𝔇, and (𝜍𝑛)𝑛∈𝔇 in Ω, 

if  

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜍𝑛, ʌ) = 1, 

for each ʌ > 0,  

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜍𝑛 , ʌ) = 0. 

Similarly,  

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0, 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0. 

For each ʌ > 0, we have 

lim
𝑛→∞

𝔙(𝜍𝑛, 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝜍𝑛 , 𝜁, ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0. 

It is clear that (𝑊4) implies (𝑊3). 

The three following definitions were introduced in (Aamri & El Moutawakil [27]) in the context of symmetric 

spaces. 
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Definition 3.3: A NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) satisfies the property (H. E) if and only if given (𝜁𝑛)𝑛∈𝔇 ,(𝜍𝑛)𝑛∈𝔇 and 𝜁 in Ω, 

if, 

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔙(𝜍𝑛, 𝜁, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0, 

lim
𝑛→∞

𝔇(𝜍𝑛 , 𝜁, ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜁, ʌ) = 0, 

lim
𝑛→∞

𝔏(𝜍𝑛 , 𝜁, ʌ) = 0.  

For every ʌ > 0, then for every ʌ > 0, 

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜍𝑛, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜍𝜁 , ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 0. 

Definition 3.4: A NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊),satisfies the property (CE.1) if and only if given, 𝜁 and 𝜍 in Ω for each ʌ > 0,  

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜁, ʌ) = 1, 

implies that  

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜍, ʌ) =𝔙(𝜁, 𝜍, ʌ), 

and 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜁, ʌ) = 0, 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜍, ʌ) = 𝔇(𝜁, 𝜍, ʌ), 

similarly, 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜁, ʌ) = 0, 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍, ʌ) = 𝔏(𝜁, 𝜍, ʌ). 

Definition 3.5: A NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) satisfies the property (CE.2) if and only if given(𝜁𝑛)𝑛∈𝔇,(𝜍𝑛)𝑛∈𝔇 and (ℵ𝑛)𝑛∈𝔇 

in Ω if, for each ʌ > 0,  

lim
𝑛→∞

𝔙(𝜁𝑛 , 𝜍𝑛, ʌ) = 1, 

Implies 
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lim
𝑛→∞

inf 𝔙(ℵ𝑛, 𝜍𝑛 , ʌ) = lim
𝑛→∞

inf 𝔙 (ℵ𝑛, 𝜁𝑛 , ʌ). 

and 

lim
𝑛→∞

𝔇(𝜁𝑛 , 𝜍𝑛 , ʌ) = 0, 

implies  

lim
𝑛→∞

sup𝔇(ℵ𝑛, 𝜍𝑛 , ʌ) = lim
𝑛→∞

sup𝔇(ℵ𝑛, 𝜁𝑛 , ʌ). 

In the same manner, we have 

lim
𝑛→∞

𝔏(𝜁𝑛 , 𝜍𝑛, ʌ) = 0, 

implies  

lim
𝑛→∞

sup𝔏(ℵ𝑛, 𝜍𝑛 , ʌ) = lim
𝑛→∞

sup𝔏(ℵ𝑛, 𝜁𝑛 , ʌ). 

For NMS and NSMS, we give an extension of property (E.A) which was defined in (Sastry and Murphy [26]) as the 

Tangential Property and in (Aamri and El Moutawakil [27]) as Property (E.A). 

Definition 3.6: Let 𝑆, 𝑇: Ω → 𝑌. The pair (𝑆, 𝑇) satisfies property (E.A) if there exist sequence (𝜁𝑛) in Ω such that 

lim
𝑛→∞

𝑆𝜁𝑛 = lim
𝜁→∞

𝑇𝜁𝑛 = 𝑢 ∈ Ω, 

that is for every ʌ > 0, 

lim
𝑛→∞

𝔙(𝑆𝜁𝑛 , 𝑢, ʌ) = lim
𝑛→∞

𝔙(𝑇𝜁𝑛 , 𝑢, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝑆𝜁𝑛 , 𝑢, ʌ) = lim
𝑛→∞

𝔇(𝑇𝜁𝑛 , 𝑢, ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝑆𝜁𝑛 , 𝑢, ʌ) = lim
𝑛→∞

𝔏(𝑇𝜁𝑛 , 𝑢, ʌ) = 0. 

Proposition 3.7: Every NSMS satisfies (W4), (W3), (H.E), (CE.1) and (CE.2). 

Proof: It is sufficient to prove (W4), (H.E), (CE.1) and (CE.2). Since (W4) implies (W3). We remark that (W3) is 

satisfied because the topology 𝛵(𝔙,𝔇) of every NSMS is Hausdorff (see Theorem 3.5 of (Park [10]). Let (Ω,𝔙,𝔇, 𝔏,∗,◊) 

be a NSMS. To show that (W4) and (H. E) are satisfied, we use properties (5) and (9) of Definition 1.4 as following:  

(I) Since 𝔙(𝜁𝑛 , 𝜁, 𝑢) → 1 and  𝔙(𝜁𝑛 , 𝜍𝑛 , 𝑢) → 1 for each 𝑢, by (2) and (3) of Definition 1.1,  

𝔙(𝜁𝑛 , 𝜁,
ʌ

2
) ∗ 𝔙(𝜁𝑛 , 𝜍𝑛,

ʌ

2
) ≤ 𝔙(𝜁, 𝜍𝑛, ʌ).  

We obtain that 𝔙(𝜍𝑛, 𝜁, ʌ) → 1, for every ʌ ∈ ]0,∞[. By similar manner, utilizing (2) and (3) of Definition 1.2, we 

obtain 𝔇(𝜍𝑛, 𝜁, ʌ) → 0 and 𝔏(𝜍𝑛 , 𝜁, ʌ) → 0. Then (W4) is satisfied. 

(II) If we suppose that, for every 𝑢, 𝔙(𝜁𝑛 , 𝜁, 𝑢) → 1 and 𝔙(𝜍𝑛, 𝜁, 𝑢) → 1 from the inequality  

𝔙(𝜁𝑛 , 𝜁,
ʌ

2
) ∗ 𝔙(𝜁, 𝜍𝑛,

ʌ

2
)  ≤ 𝔙(𝜁𝑛 , 𝜍𝑛 , ʌ), 

we obtain 𝔙(𝜁𝑛 , 𝜍𝑛 , ʌ) → 1. For every 𝑢,  𝔇(𝜁𝑛 , 𝜁, 𝑢) → 0 and 𝔇(𝜍𝑛 , 𝜁, 𝑢) → 0 from the inequality  
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𝔇(𝜁𝑛 , 𝜁,
ʌ

2
) ◊ 𝔇(𝜁, 𝜍𝑛,

ʌ

2
) ≤ 𝔇(𝜁𝑛 , 𝜍𝑛, ʌ), 

we obtain 𝔇(𝜁𝑛 , 𝜍𝑛, ʌ) → 0. Similarly, for every 𝑢,  𝔏(𝜁𝑛 , 𝜁, 𝑢) → 0 and 𝔏(𝜍𝑛, 𝜁, 𝑢) → 0 from the inequality  

𝔏 (𝜁𝑛 , 𝜁,
ʌ

2
) ◊ 𝔏 (𝜁, 𝜍𝑛,

ʌ

2
) ≤ 𝔏(𝜁𝑛 , 𝜍𝑛, ʌ), 

we obtain 𝔏(𝜁𝑛 , 𝜍𝑛, ʌ) → 0. So, (H.E) is satisfied. 

(III) Now we suppose 𝔙(𝜁𝑛 , 𝜁, 𝑢) → 1 for each 𝑢 ∈ ]0,∞[. For each ʌ ∈ ]0,∞[ and every 0 <  𝜀 <  ʌ, from 

 𝔙 ( 𝜁𝑛 , 𝜍, ʌ) ≥ 𝔙(𝜁𝑛 , 𝜁, 𝜀)  ∗  𝔙 (𝜁, 𝜍, ʌ −  𝜀), we obtain 

lim
𝑛→∞

inf𝔙(𝜁𝑛 , 𝜍, ʌ)  ≥  𝔙 (𝜁, 𝜍, ʌ − 𝜀), and by property (6) of Definition 2.1,  

lim
𝑛→∞

inf 𝔙(𝜁𝑛 , 𝜍, ʌ) ≥ 𝔙(𝜁, 𝜍, ʌ). (1) 

From  

𝔙(𝜁, 𝜍, ʌ + 𝜀) ≥ 𝔙(𝜁𝑛 , 𝜁, 𝜀) ∗ 𝔙(𝜁𝑛 , 𝜍, ʌ), 

for every ʌ > 0 and 𝜀 > 0, we obtain 

𝔙(𝜁, 𝜍, ʌ + 𝜀) ≥ lim
𝑛→∞

sup𝔙(𝜁𝑛 , 𝜍, ʌ), 

and 

 𝔙(𝜁, 𝜍, ʌ) ≥ lim
𝑛→∞

Sup 𝔙 (𝜁𝑛 , 𝜍, ʌ).  (2) 

By using (1) and (2), we have  

𝔙 (𝜁, 𝜍, ʌ) =  lim
𝑛→∞

Sup 𝔙(𝜁𝑛 , 𝜍, ʌ), 

and suppose 𝔇(𝜁𝑛 , 𝜁, 𝑢) → 0 for each 𝑢 ∈ ]0,∞[. For each ʌ ∈ ]0,∞[ and every 0 < 𝜀 < ʌ, from 

𝔇( 𝜁𝑛 , 𝜍, ʌ) ≤ 𝔇(𝜁𝑛 , 𝜁, 𝜀)  ◊  𝔇 (𝜁, 𝜍, ʌ –  𝜀), 

we obtain, 

lim
𝑛→∞

sup𝔇(𝜁𝑛 , 𝜍, ʌ) ≤  𝔇 (𝜁, 𝜍, ʌ − 𝜀), 

and by property (6) of Definition 2.1, we have 

lim
𝑛→∞

sup𝔇(𝜁𝑛 , 𝜍, ʌ) ≤ 𝔇(𝜁, 𝜍, ʌ).  (3) 

From  

𝔇(𝜁, 𝜍, ʌ + 𝜀) ≤ 𝔇(𝜁𝑛 , 𝜁, 𝜀) ◊ 𝔇(𝜁𝑛 , 𝜍, ʌ), 

for every ʌ > 0 and 𝜀 > 0, we obtain 

𝔇(𝜁, 𝜍, ʌ + 𝜀) ≤ lim
𝑛→∞

inf 𝔇(𝜁𝑛 , 𝜍, ʌ), 

and 

  𝔇(𝜁, 𝜍, ʌ) ≤ lim
𝑛→∞

inf 𝔇 (𝜁𝑛 , 𝜍, ʌ) .  (4) 



Kamran et al.  Journal of Advances in Applied & Computational Mathematics, 11, 2024 

 

40 

By applying (3) and (4), we have  

𝔇 (𝜁, 𝜍, ʌ) =  lim
𝑛→∞

inf 𝔇(𝜁𝑛 , 𝜍, ʌ). 

Similarly, suppose 𝔏(𝜁𝑛 , 𝜁, 𝑢) → 0 for each 𝑢 ∈ ]0,∞[. For each ʌ ∈ ]0,∞[ and every 0 < 𝜀 < ʌ, from 

𝔏( 𝜁𝑛 , 𝜍, ʌ) ≤ 𝔏(𝜁𝑛 , 𝜁, 𝜀)  ◊  𝔏 (𝜁, 𝜍, ʌ –  𝜀), 

we obtain 

lim
𝑛→∞

sup𝔏(𝜁𝑛 , 𝜍, ʌ) ≤  𝔏(𝜁, 𝜍, ʌ − 𝜀), 

and by property (6) of Definition 2.1,  

 lim
𝑛→∞

sup𝔏(𝜁𝑛 , 𝜍, ʌ) ≤ 𝔏(𝜁, 𝜍, ʌ).  (5) 

From  

𝔏(𝜁, 𝜍, ʌ + 𝜀) ≤ 𝔏(𝜁𝑛 , 𝜁, 𝜀) ◊ 𝔏(𝜁𝑛 , 𝜍, ʌ), 

for every ʌ > 0 and 𝜀 > 0, we obtain 

𝔏(𝜁, 𝜍, ʌ + 𝜀) ≤ lim
𝑛→∞

inf 𝔏(𝜁𝑛 , 𝜍, ʌ), 

and 

 𝔏(𝜁, 𝜍, ʌ) ≤ lim
𝑛→∞

inf 𝔏(𝜁𝑛 , 𝜍, ʌ) .  (6) 

By utilizing (5) and (6), we have  

𝔏(𝜁, 𝜍, ʌ) =  lim
𝑛→∞

inf 𝔏(𝜁𝑛 , 𝜍, ʌ). 

Hence, property (CE.1) is satisfied. 

(IV) If we suppose 𝔙(𝜁𝑛 , 𝜍𝑛, 𝑢) → 1 for each 𝑢 > 0, by (6) of Definition 1.4, (2) of Definition 1.1, and from 

𝔙(ℵ𝑛, 𝜍𝑛 , ʌ + 𝜀) ≥ 𝔙(ℵ𝑛, 𝜁𝑛 , ʌ) ∗ 𝔙(𝜁𝑛 , 𝜍𝑛 , 𝜀),  

we obtain for every ʌ and 𝜀,  

lim
𝑛→∞

inf𝔙(ℵ𝑛, 𝜍𝑛, ʌ + 𝜀) ≥ lim
𝑛→∞

inf𝔙(ℵ𝑛, 𝜁𝑛 , ʌ), 

then, 

lim
𝑛→∞

inf𝔙(ℵ𝑛, 𝜍𝑛, ʌ) ≥ lim
𝑛→∞

inf 𝔙(ℵ𝑛, 𝜁𝑛 , ʌ), 

for every ʌ. We get 

𝔙(ℵ𝑛, 𝜁𝑛 , ʌ + 𝜀) ≥ 𝔙(ℵ𝑛, 𝜍𝑛, ʌ) ∗ 𝔙(𝜁𝑛 , 𝜍𝑛, 𝜀), 

then, 

lim
𝑛→∞

inf 𝔙(ℵ𝑛, 𝜍𝑛, ʌ) = lim
𝑛→∞

inf𝔙(ℵ𝑛, 𝜁𝑛 , ʌ). 

In the same manner, we obtain  
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lim
𝑛→∞

sup𝔇(ℵ𝑛, 𝜍𝑛 , ʌ)= lim
𝑛→∞

sup𝔇(ℵ𝑛, 𝜁𝑛 , ʌ), 

and 

lim
𝑛→∞

sup𝔏(ℵ𝑛, 𝜍𝑛 , ʌ)= lim
𝑛→∞

sup𝔏(ℵ𝑛, 𝜁𝑛 , ʌ). 

Hence, Property (CE. 2) is satisfied. 

We extend some classical compatibility properties to the context of NSMSs. The study of common FP theorems 

calls for various compatibility properties. Recently, several authors (Aliouche et al. [24]; Cho [7]; Grabiec [4]; Kumar 

et al. [14]; Sharma and Deshpande [12]) proved common FP theorems by extending them to FMS. For the reader’s 

convenience, we recall the following definitions. 

Two mappings 𝑓 and 𝑔 of a FMS (Ω,𝔙,∗) into itself are said to be 

(I) Weekly commuting: if 𝔙(𝑓𝑔𝜁, 𝑔𝑓𝜁, ʌ) ≥ 𝔙(𝑓𝜁, 𝑔𝜁, ʌ), ∀ 𝜁 ∈ Ω.   

(II) Compatible: if for each ʌ > 0,  

lim
𝑛→∞

𝔙(𝑓𝑔𝜁𝑛 , 𝑔𝑓𝜁𝑛 , ʌ) = 1, 

whenever (𝜁𝑛) is a sequence in Ω such that lim 𝑓𝜁𝑛 = lim𝑔𝜁𝑛 = 𝑝 for some 𝑝 in Ω. 

(III)  𝑅 −weekly commuting: if there exist 𝑅 > 0 such that, for every 𝜁 ∈ Ω,  

𝔙(𝑓𝑔𝜁, 𝑔𝑓𝜁, ʌ)  ≥ 𝔙(𝑓𝜁, 𝑔𝜁,
ʌ

𝑅
).  

In following definitions, we extend these notions to NSMSs. 

Definition 3.8: Two mappings 𝑆 and 𝑇 of a NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) into itself are said to be 𝑅 -weakly commuting if 

there exists an 𝑅 >  0 such that, for every 𝜁 ∈ Ω, 

𝔙(𝑆𝑇𝜁, 𝑇𝑆𝜁, ʌ) ≥ 𝔙 (𝑇𝜁, 𝑆𝜁,
ʌ

𝑅
), 

𝔇(𝑆𝑇𝜁, 𝑇𝑆𝜁, ʌ) ≤ 𝔇 (𝑇𝜁, 𝑆𝜁,
ʌ

𝑅
), 

and 

𝔏(𝑆𝑇𝜁, 𝑇𝑆𝜁, ʌ) ≤ 𝔏 (𝑇𝜁, 𝑆𝜁,
ʌ

𝑅
). 

Definition 3.9: Two mappings 𝑆 and 𝑇 are said to be compatible if  

lim
𝑛→∞

𝔙(𝑆𝑇𝜁𝑛 , 𝑇𝑆𝜁𝑛 , ʌ) = 1, 

lim
𝑛→∞

𝔇(𝑆𝑇𝜁𝑛 , 𝑇𝑆𝜁𝑛 , ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝑆𝑇𝜁𝑛 , 𝑇𝑆𝜁𝑛 , ʌ) = 0. 

Whenever (𝜁𝑛) is a sequence in Ω such that lim 𝑆𝜁𝑛 = lim𝑇𝜁𝑛 = 𝑝 for some 𝑝 in Ω. 

Definition 3.10: Two mappings 𝑆 and 𝑇 are said weakly compatible if they commute at their coincidence points 

i.e. 
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{𝜁 ∈ Ω: 𝑆𝜁 = 𝑇𝜁} ⊆ {𝜁 ∈ Ω: 𝑆𝑇𝜁 = 𝑇𝑆𝜁}. 

Definition 3.11: Let 𝑆 and 𝑇 be self maps of a metric space. Then 𝑆 and 𝑇 are said to be occasionally weakly 

compatible if 

{𝜁 ∈ Ω: 𝑆𝜁 = 𝑇𝜁}⋂{𝜁 ∈ Ω: 𝑆𝑇𝜁 = 𝑇𝑆𝜁} ≠ ∅. 

Remarks 3.12 

i) With the help of numerous examples from the literature, it is simple to demonstrate that weakly commutativity 

implies compatibility and that compatibility implies weak compatibility. 

ii) It is proved that 𝑅-weakly commutativity is equivalent to commutativity at coincidence points; i.e., 𝑆 and 𝑇 are 

point-wise 𝑅 -weakly commuting if and only if they are weakly compatible. 

iii) The set of all occasionally weakly compatible self-maps, which is known to be a proper subclass of the set of 

all nontrivially weakly compatible self-maps (See Al-Thagafi and Shahzad [33]). 

iv) Property (E.A) and properties of weak compatibility or compatibility are independent as it is shown by 

Examples 1 and 2 of (Merghadi and Thobie [17]). 

4. Main Results 

We start by defining implicit relations, which will be used in the following result. In the following, 𝛩: 𝑅+  →  𝑅+ is a 

locally integrable function which fulfills ∫ 𝛩(ʌ)𝑑ʌ > 0
𝜀

𝛿
, for every 0 < 𝛿 < 𝜀. We denote by 𝛷 (resp. 𝛹) the set of all 

continuous functions 𝜙 ( resp. 𝜓): 𝑅+
6 →  𝑅 such that, if 

(𝛩1)  𝜙 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

) ≥ 0,  

or  

(𝛩2)   𝜙 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑣

0

𝑢

0

𝑑ʌ) ≥ 0, 

or 

(𝛩3)   𝜙 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

𝑢

0

) ≥ 0.  

Then, 

∫ 𝛩(ʌ)𝑑ʌ ≥ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0

 

(𝜓1)    𝜓 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

) ≤ 0, 

or 

(𝜓2)    𝜓 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑣

0

𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

) ≤ 0, 

or 
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(𝜓3)    𝜓 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

𝑢

0

𝑣

0

𝑣

0

) ≤ 0. 

Then, 

∫ 𝛩(ʌ)𝑑ʌ ≤ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0

 

Respectively, if 

(𝜉1)    𝜉 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

) ≤ 0, 

or 

(𝜉2)    𝜉 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑢

0

𝑣

0

𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

) ≤ 0,  

or 

(𝜉3)    𝜉 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

𝑢

0

𝑣

0

𝑣

0

) ≤ 0. 

Then, 

∫ 𝛩(ʌ)𝑑ʌ ≤ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0

 

We give some examples of 𝜙 ∈ 𝛷 and 𝜓, 𝜉 ∈ 𝛹. 

Example 4.1: Let  

𝜙(ʌ1, ʌ2, ʌ3,ʌ4, ʌ5, ʌ6) = 𝜓(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = 𝜉(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1 −
1

5
(ʌ2 + ʌ3 + ʌ4 + ʌ5 + ʌ6).  

We, have to prove (𝜙𝑖)   for 𝑖 = 1 to 3. For 𝑖 = 1, 

𝜙(∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

𝑣

0

𝑢

0

𝑣

0

𝑢

0

) =
3

5
(∫ 𝛩(ʌ)𝑑ʌ − ∫ 𝛩(ʌ)𝑑ʌ

𝑣

0

𝑢

0

) 

which is ≥ 0 if and only if ∫ 𝛩(ʌ)𝑑ʌ ≥ ∫ 𝛩(ʌ)𝑑ʌ. So (𝜙1)
𝑣

0

𝑢

0
 is satisfied for each 𝛩. For 𝑖 = 2 , 

𝜙(∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

𝑣

0

𝑢

0

𝑣

0

𝑣

0

𝑢

0

) =
3

5
(∫ 𝛩(ʌ)𝑑ʌ − ∫ 𝛩(ʌ)𝑑ʌ

𝑣

0

𝑢

0

) 

which is ≥ 0 if and only if ∫ 𝛩(ʌ)𝑑ʌ ≥ ∫ 𝛩(ʌ)𝑑ʌ. So (𝜙2)
𝑣

0

𝑢

0
 is satisfied for each 𝛩. For 𝑖 = 3, 

𝜙 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑢

0

𝑢

0

𝑣

0

𝑣

0

𝑢

0

𝑢

0

) =
2

5 
(∫ 𝛩(ʌ)𝑑ʌ − ∫ 𝛩(ʌ)𝑑ʌ

𝑣

0

𝑢

0

)       

which is ≥ 0 if and only if  ∫ 𝛩(ʌ)𝑑ʌ ≥ ∫ 𝛩(ʌ)𝑑ʌ. So (𝜙3)
𝑣

0

𝑢

0
 is satisfied for each 𝛩 and 𝜙 ∈ Φ. 

Similarly, we can show that 𝜓 and 𝜉 ∈ 𝛹. 
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Example 4.2: If 

𝜙(ʌ1, ʌ2, ʌ3,ʌ4, ʌ5, ʌ6) = ʌ1 −min{ʌ2, ʌ3,ʌ4, ʌ5, ʌ6},    

𝜓(ʌ1, ʌ2, ʌ3,ʌ4, ʌ5, ʌ6) = ʌ1 −max{ʌ2, ʌ3,ʌ4, ʌ5, ʌ6}, 

and 

𝜉(ʌ1, ʌ2, ʌ3,ʌ4, ʌ5, ʌ6) = ʌ1 −max{ʌ2, ʌ3,ʌ4, ʌ5, ʌ6}. 

We have to prove (𝜙𝑖) for 𝑖 = 1 to 3. For 𝑖 = 1, 

𝜙 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

𝑣

0

𝑢

0

𝑣

0

𝑢

0

) = ∫ 𝛩(ʌ)𝑑ʌ −min {∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

} ,
𝑢

0

 

which is ≥ 0 if and only if ∫ 𝛩(ʌ)𝑑ʌ ≥ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0
 It is easy to verify (𝜙2), (𝜙3) are satisfied. So 𝜙 ∈  𝛷. We have to 

prove (𝜓𝑖) for 𝑖 = 1 to 3. For 𝑖 = 1, 

𝜓(∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

𝑣

0

𝑢

0

𝑣

0

𝑢

0

) = ∫ 𝛩(ʌ)𝑑ʌ − max {∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

} ,
𝑢

0

 

which is≤ 0 if and only if ∫ 𝛩(ʌ)𝑑ʌ ≤ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0
 It is easy to verify (𝜓2) and (𝜓3) are satisfied. So 𝜓 ∈  Ψ. For (𝜉𝑖) and 

𝑖 = 1 to 3. For 𝑖 = 1, 

𝜉 (∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

𝑣

0

𝑢

0

𝑣

0

𝑢

0

) = ∫ 𝛩(ʌ)𝑑ʌ − max {∫ 𝛩(ʌ)𝑑ʌ,∫ 𝛩(ʌ)𝑑ʌ
𝑣

0

𝑢

0

} ,
𝑢

0

 

which is ≤ 0 if and only if ∫ 𝛩(ʌ)𝑑ʌ ≤ ∫ 𝛩(ʌ)𝑑ʌ.
𝑣

0

𝑢

0
 It is easy to verify (𝜉2) and (𝜉3) are satisfied. So 𝜓, 𝜉 ∈ 𝛹.  

Now firstly, we present two theorems for infinity (not necessarily countable) of mappings in NSMS and NMS with 

hypothesis of Property (E.A) and weak compatibility. 

Theorem 4.3: Let  (Ω, 𝔙,𝔇, 𝔏,∗,◊) be a NSMS for Ω which satisfies  (W4), (H.E), (CE.1) and (CE.2) and 𝐴, (𝐴𝑖)𝑖∈𝐼 , 𝑆 and 

𝑇 be self mappings of Ω satisfying 𝐴Ω ⊂ 𝑇Ω and 𝐴𝑖Ω ⊂ 𝑆Ω for all 𝑖 ∈ 𝐼 and 

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

,
𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

,
𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 
≥ 0,  (7) 

𝜓 

(

 
 
∫ 𝛩(𝜏)
𝔇(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

,
𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

,
𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 
≤ 0, (8) 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

,
𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

,
𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 
≤ 0. (9) 

For every 𝜁 and every 𝜍 ∈ Ω, for every 𝑖 ∈ 𝐼, where 𝜙 ∈ Φ, and 𝜓, ξ ∈ 𝛹. φ: 𝑅+ → 𝑅+ 𝑖s locally integrable function 

which satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0
𝜀

𝛿
, for every 0 < 𝛿 < 𝜀. Suppose that: 
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(I) (𝐴, 𝑆) satisfies property (E.A); 

(II) (𝐴, 𝑆) and (𝐴𝑘, 𝑇) are weekly compatible for some 𝑘. 

If one of the subspaces 𝐴𝑆, 𝑆Ω, 𝐴𝑖Ω and 𝑇Ω of Ω is closed , then 𝐴, 𝐴𝑖,for every 𝑖 ∈ 𝐼, 𝑆 and 𝑇 have a unique common 

FP in Ω. 

Proof: Since (𝐴, 𝑆) satisfies Property (E.A), there exists a sequence (𝜁𝑛)𝑛∈𝔇 in Ω such that, for some ℵ  in Ω. 

lim
𝑛→∞

𝔙(𝐴𝜁𝑛 , ℵ, ʌ) = lim
𝑛→∞

𝔙(𝑆𝜁𝑛 , ℵ, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝜁𝑛 , ℵ, ʌ) = lim
𝑛→∞

𝔇(𝑆𝜁𝑛 , ℵ, ʌ) = 0, 

lim
𝑛→∞

𝔏(𝐴𝜁𝑛 , ℵ, ʌ) = lim
𝑛→∞

𝔏(𝑆𝜁𝑛 , ℵ, ʌ) = 0. 

By property (H.E), we have   

lim
𝑛→∞

𝔙(𝐴𝜁𝑛 , 𝑆𝜁𝑛 , ʌ) = 1 , (10) 

lim
𝑛→∞

𝔇(𝐴𝜁𝑛 , 𝑆𝜁𝑛 , ʌ) = 0 , (11) 

lim
𝑛→∞

𝔏(𝐴𝜁𝑛 , 𝑆𝜁𝑛 , ʌ) = 0. (12) 

Since 𝐴Ω ⊂ 𝑇Ω, there exists a sequence (𝜍𝑛)𝑛∈𝔇 in Ω such that 𝐴𝜁𝑛 = 𝑇𝜍𝑛 for all 𝑛 ∈  𝔇 and for all 𝑖. Furthermore, 

we get 

lim
𝑛→∞

𝔙(𝐴𝜁𝑛 , 𝑇𝜍𝑛, ʌ) = 1, (13) 

lim
𝑛→∞

𝔇(𝐴𝜁𝑛 , 𝑇𝜍𝑛, ʌ) = 0, (14) 

lim
𝑛→∞

𝔏(𝐴𝜁𝑛 , 𝑇𝜍𝑛 , ʌ) = 0. (15) 

By (CE.2), (10, ) (11), and (12), we obtain 

lim
𝑛→∞

inf 𝔙(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ) = lim
𝑛→∞

inf 𝔙(𝑆𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = lim
𝑛→∞

inf 𝔙(𝑇𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ), 

lim
𝑛→∞

sup𝔇(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ) = lim
𝑛→∞

sup𝔇(𝑆𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = lim
𝑛→∞

sup𝔇(𝑇𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ), 

lim
𝑛→∞

sup  𝔏(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = lim
𝑛→∞

sup𝔏(𝑆𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = lim
𝑛→∞

sup𝔏(𝑇𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) . 

Now we have to show that lim
𝑛→∞

inf 𝐴𝑖 𝜍𝑛 = ℵ. Let be 𝑎𝑖 = lim
𝑛→∞

inf 𝔙(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ)  and ʌ𝐼 = lim
𝑛→∞

Sup𝔇(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ). 

From (7), (8) and (9) with 𝜁 = 𝜁𝑛 and 𝜍 = 𝜍𝑛 , we get 

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(𝐴𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔙(𝑆𝜁𝑛,𝑇𝜍𝑛,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜍𝑛,𝑇𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝑆𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

,
𝔙(𝐴𝜁𝑛,𝑇𝜍𝑛,ʌ)

0 )

 
 
≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(𝐴𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔇(𝑆𝜁𝑛,𝑇𝜍𝑛,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜍𝑛,𝑇𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝑆𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

,
𝔇(𝐴𝜁𝑛,𝑇𝜍𝑛,ʌ)

0 )

 
 
≤ 0, 
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and 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(𝐴𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔏(𝑆𝜁𝑛,𝑇𝜍𝑛 ,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜍𝑛,𝑇𝜍𝑛,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝑆𝜁𝑛,𝐴𝑖𝜍𝑛,ʌ)

0

,
𝔏(𝐴𝜁𝑛,𝑇𝜍𝑛,ʌ)

0 )

 
 
≤ 0. 

Letting 𝑛 → ∞, we find 

𝜙(∫ 𝛩(𝜏)
𝛼𝑖

0

𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,
1

0

1

0

∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏
𝛼𝑖

0

1

0

𝛼𝑖

0

) ≥ 0, 

𝜓(∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏, 0,0,∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏) ≤ 0, 

and 

𝜉 (∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏, 0,0,∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
ʌ𝑖

0

𝑑𝜏) ≤ 0. 

Then  

𝑎𝑖 = lim
𝑛→∞

inf𝔙(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = 1, 

ʌ𝐼 = lim
𝑛→∞

Sup𝔇(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = 0, 

𝔇𝐼 = lim
𝑛→∞

Sup 𝔏(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ) = 0, 

by (𝜙2), (𝜓2) and 𝜉2.Then, we have  

lim
𝑛→∞

𝔙(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛 , ʌ) = 1,  (16) 

lim
𝑛→∞

𝔇(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = 0,  (17) 

lim
𝑛→∞

𝔏(𝐴𝜁𝑛 , 𝐴𝑖𝜍𝑛, ʌ) = 0.  (18) 

By (W4), (16), (17), and (18), we deduce 

lim
𝑛→∞

𝔙(𝐴𝑖𝜍𝑛, ℵ, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝑖𝜍𝑛 , ℵ, ʌ) = 0, 

lim
𝑛→∞

𝔏(𝐴𝑖𝜍𝑛 , ℵ, ʌ) = 0. 

lim
𝑛→∞

𝐴𝑖 𝜍𝑛 = lim
𝑛→∞

𝐴𝜁𝑛 = lim
𝑛→∞

𝑆𝜁𝑛 = lim
𝑛→∞

𝑇𝜍𝑛 = ℵ, ∀𝑖.     

If, we suppose that the 𝑇(Ω) is closed, ℵ ∈ 𝑇(Ω) and there exist 𝑢 ∈ Ω such that ℵ = 𝑇𝑢. By (7), (8 ), and (9 ) with 𝜁 =

𝜁𝑛 and 𝜍 = 𝑢, we get  

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(𝐴𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔙(𝑆𝜁𝑛,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝑆𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

,
𝔙(𝐴𝜁𝑛,𝑇𝑢,ʌ)

0 )

 
 
≥ 0, 
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𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(𝐴𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔇(𝑆𝜁𝑛,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝑆𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

,
𝔇(𝐴𝜁𝑛,𝑇𝑢,ʌ)

0 )

 
 
≤ 0, 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(𝐴𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝐴𝜁𝑛,𝑆𝜁𝑛,ʌ)

0

,
𝔏(𝑆𝜁𝑛,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏),∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝑆𝜁𝑛,𝐴𝑖𝑢,ʌ)

0

,
𝔏(𝐴𝜁𝑛,𝑇𝑢,ʌ)

0 )

 
 
≤ 0. 

When 𝑛 → ∞, using (CE.1), we obtain 

𝜙

(

 
 

∫ 𝛩(𝜏)
𝔙(ℵ,,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,
1

0

1

0

∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏
𝔙(ℵ,𝐴𝑖𝑢,ʌ)

0

1

0

𝔙(,ℵ,𝐴𝑖𝑢,,ʌ)

0 )

 
 
≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏, 0,0∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,

0∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏,
)

 
 
≤ 0, 

𝜉 (∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, 0,0 ∫ 𝛩(𝜏)

𝔏(ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, 0 ∫ 𝛩(𝜏)

𝔏.(ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, ) ≤ 0. 

Which implies by (CE.1) by (𝜙2), (𝜓2) and (𝜉2) 

(𝐴𝑖𝑢) = 𝑇𝑢 = ℵ,      ∀𝑖. (19) 

Since ℵ ∈ 𝐴𝑖Ω ⊂ 𝑆Ω, there exists 𝑣 ∈  Ω such that ℵ =  𝐴𝐼𝑢 =  𝑆𝑣 =  𝑇𝑢 and applying (7), (8), and (9) with 𝜁 = 𝑣 and 

𝜍 = 𝑢, we get 

𝜙(
∫ 𝛩(𝜏)
𝔙(𝐴𝑣,ℵ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0
∫ 𝛩(𝜏)
𝔙(𝐴𝑣,ℵ,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝑣,ℵ,ʌ)

0
∫ 𝛩(𝜏)
1

0

) ≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(𝐴𝑣,ℵ,ʌ)

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
𝔇(𝑆𝑣,ℵ,ʌ)

0

𝑑𝜏, 0,

∫ 𝛩(𝜏)
𝔇(𝐴𝑣,ℵ,ʌ)

0

𝑑𝜏, 0
)

 
 
≤ 0, 

𝜉 (∫ 𝛩(𝜏)
𝔏(𝐴𝑣,ℵ,ʌ)

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
𝔏(𝑆𝑣,ℵ,ʌ)

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
𝔏(𝐴𝑣,ℵ,ʌ)

0

𝑑𝜏, 0) ≤ 0. 

So, by (𝜙1), (𝜓1) and (𝜉1), ℵ = 𝐴𝑣 = 𝑆𝑣. Since the couple (𝐴, 𝑆)  is weekly compatible, 𝐴𝑆𝑣 = 𝑆𝐴𝑣  𝑖. 𝑒. 

𝐴ℵ = 𝑆ℵ. Now (7), (8), and (9) with 𝜁 = ℵ and 𝜍 = 𝑢 gives 

𝜙(
∫ 𝛩(𝜏)
𝔙(𝐴ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔙(𝑆ℵ,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝑆ℵ,𝐴𝑖𝑢,ʌ)

0

𝔙(𝐴ℵ,𝑇𝑢,ʌ)

0

𝔙(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

) ≥ 0, 
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𝜓(
∫ 𝛩(𝜏)
𝔇(𝐴ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔇(𝑆ℵ,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝑆ℵ,𝐴𝑖𝑢,ʌ)

0

𝔇(𝐴ℵ,𝑇𝑢,ʌ)

0

𝔇(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)
𝔏(𝐴ℵ,𝐴𝑖𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔏(𝑆ℵ,𝑇𝑢,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝑆ℵ,𝐴𝑖𝑢,ʌ)

0

𝔏(𝐴ℵ,𝑇𝑢,ʌ)

0

𝔏(𝐴𝑖𝑢,𝑇𝑢,ʌ)

0

) ≤ 0. 

That is  

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
1

0

𝑑𝜏,

∫ 𝛩(𝜏)
1

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏
)

 
 
≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏, 0,0,

∫ 𝛩(𝜏)
𝔇(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(𝑆ℵ,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏
)

 
 
≤ 0, 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏, 0,0,

∫ 𝛩(𝜏)
𝔏(𝐴ℵ,ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(𝑆ℵ,𝐴𝑖𝑢,ʌ)

0

𝑑𝜏
)

 
 
≤ 0. 

So by (𝜙3), (𝜓3), and (𝜉3), 𝐴ℵ = ℵ. By weak compatibility of 𝐴𝑘 and 𝑇, we have 

𝐴𝑘𝑇𝑢 = 𝐴𝑘ℵ = 𝑇𝐴𝑘𝑢 = 𝑇ℵ, 

and applying (𝜙3), (𝜓3), and (𝜉3) with 𝜁 = 𝜍 = ℵ, we obtain  

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
1

0

𝑑𝜏,

∫ 𝛩(𝜏)
1

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏
)

 
 
≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏, 0,0

,∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏
)

 
 
≤ 0, 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏, 0,0

,∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑘ℵ,ʌ)

0

𝑑𝜏
)

 
 
≤ 0. 

From (𝜙3), (𝜓3), (𝜉3), (16, (17) and (18), it follows 𝐴𝑘ℵ = 𝑇ℵ = 𝑆ℵ = ℵ. So, ℵ is a common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝐾 . But, for 

every 𝑖, we have  

𝜙(
∫ 𝛩(𝜏)
𝔙(𝐴ℵ,𝐴𝑖ℵ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔙(𝑆ℵ,𝑇ℵ,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝑆ℵ,𝐴𝑖ℵ,ʌ)

0

𝔙(𝐴ℵ,𝑇ℵ,ʌ)

0

𝔙(𝐴𝑖ℵ,𝑇ℵ,ʌ)

0

) ≥ 0, 
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𝜓(
∫ 𝛩(𝜏)
𝔇(𝐴ℵ,𝐴𝑖ℵ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔇(𝑆ℵ,𝑇ℵ,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝑆ℵ,𝐴𝑖ℵ,ʌ)

0

𝔇(𝐴ℵ,𝑇ℵ,ʌ)

0

𝔇(𝐴𝑖ℵ,𝑇ℵ,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)
𝔏(𝐴ℵ,𝐴𝑖ℵ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴ℵ,𝑆ℵ,ʌ)

0

𝔏(𝑆ℵ,𝑇ℵ,ʌ)

0

∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝑆ℵ,𝐴𝑖ℵ,ʌ)

0

𝔏(𝐴ℵ,𝑇ℵ,ʌ)

0

𝔏(𝐴𝑖ℵ,𝑇ℵ,ʌ)

0

) ≤ 0. 

That is  

𝜙(∫ 𝛩(𝜏)
𝔙(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏
𝔙(ℵ,𝐴𝑖ℵ,ʌ)

0

1

0

𝔙(ℵ,𝐴𝑖ℵ,ʌ)

0

1

0

1

0

) ≥ 0, 

𝜓(∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏, 0,0,∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
𝔇(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏) ≤ 0, 

𝜉 (∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏, 0,0,∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏, 0,∫ 𝛩(𝜏)
𝔏(ℵ,𝐴𝑖ℵ,ʌ)

0

𝑑𝜏) ≤ 0. 

Then from (𝜙2), (𝜓2) and (𝜉3), ℵ = 𝐴𝑖ℵ for each 𝑖 and ℵ is a common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝑖 for every 𝑖. Now we show 

the uniqueness of the common FP.  If  ℵ is another common FP, from (7), (8) and (9) with 𝜁 = ℵ and 𝑦 = ℵ̅, we get  

𝜙

(

 
 
∫ 𝛩(𝜏)
𝔙(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
1

0

𝑑𝜏,

∫ 𝛩(𝜏)
1

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔙(ℵ,ℵ̅,ʌ)

0

𝑑𝜏
)

 
 
≥ 0, 

𝜓

(

 
 
∫ 𝛩(𝜏)
𝔇(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(ℵ,ℵ̅,ʌ)

0

𝑑𝜏, 0,0,

∫ 𝛩(𝜏)
𝔇(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔇(ℵ,ℵ̅,ʌ)

0

𝑑𝜏
)

 
 
≤ 0, 

𝜉

(

 
 
∫ 𝛩(𝜏)
𝔏(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(ℵ,ℵ̅,ʌ)

0

𝑑𝜏, 0,0,

∫ 𝛩(𝜏)
𝔏(ℵ,ℵ̅,ʌ)

0

𝑑𝜏,∫ 𝛩(𝜏)
𝔏(ℵ,ℵ̅,ʌ)

0

𝑑𝜏
)

 
 
≤ 0. 

So, by (𝜙3) and (𝜓3), we obtain ℵ = ℵ̅. Then, ℵ is unique common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝐼 for every 𝑖. 

Theorem 4.4: Let ( Ω,𝔙,𝔇, 𝔏,∗,◊) be a NSMS for Ω which satisfies (W4), (H.E), (CE.1), (CE.2) and 𝐴,(𝐴𝑖)𝑖∈𝐼, 𝑆 and 𝑇 be 

self mappings satisfying 𝐴Ω ⊂ 𝑇Ω and 𝐴𝑖Ω ⊂ 𝑆Ω for all 𝑖 ∈ 𝐼 and  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔙(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

) ≥ 0, (20) 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔇(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

) ≤ 0,  (21) 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔏(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

) ≤ 0. (22) 



Kamran et al.  Journal of Advances in Applied & Computational Mathematics, 11, 2024 

 

50 

For every 𝜁 and every 𝜍 ∈ Ω, for every 𝑖 ∈ 𝐼,where 𝜙 ∈ Φ,𝜓 ∈ Ψ and 𝜙: 𝑅+ → 𝑅+ is locally integrable function which 

satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0,
𝜀

𝛿
 for every 0 < 𝛿 < 𝜀. Suppose that: 

(I) (𝐴𝑖, 𝑇) satisfies property (E.A) for every 𝑖 ∈ 𝐼; 

(II) (𝐴, 𝑆) and (𝐴𝐾 , 𝑇) are weekly compatible for some 𝑘. If one of the subspaces 𝐴Ω, 𝑆Ω, 𝐴𝑖Ω  and 𝑇Ω of Ω is closed 

then 𝐴, 𝐴𝑖 , for every 𝑖 ∈ 𝐼, 𝑆 and 𝑇 have a unique common FP in Ω. 

Proof: Since (𝐴𝑖 , 𝑇) satisfies property (E.A), 

lim
𝑛→∞

𝔙(𝐴𝑖𝜁𝑛
𝑖 , ℵ𝑖 , ʌ) = lim

𝑛→∞
𝔙(𝑇𝜁𝑛

𝑖 , ℵ𝑖 , ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝑖𝜁𝑛
𝑖 , ℵ𝑖 , ʌ) = lim

𝑛→∞
𝔇(𝑇𝜁𝑛

𝑖 , ℵ𝑖 , ʌ) = 0, 

lim
𝑛→∞

𝔏(𝐴𝑖𝜁𝑛
𝑖 , ℵ𝑖, ʌ) = lim

𝑛→∞
(𝑇𝜁𝑛

𝑖 , ℵ𝑖 , ʌ). 

for some ℵ𝑖  in Ω. By property (H.E), we have  

lim
𝑛→∞

𝔙(𝐴𝑖𝜁𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ) = 1, (23) 

lim
𝑛→∞

𝔇(𝐴𝑖𝜁𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ) = 0, (24) 

lim
𝑛→∞

𝔏(𝐴𝑖𝜁𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ) = 0. (25) 

Since 𝐴𝑖Ω ⊂ 𝑆Ω , there exist a sequence (𝜍𝑛
𝑖 )𝑛 in Ω such that 𝐴𝑖𝜁𝑛

𝑖 = 𝑆𝜍𝑛
𝑖  for all 𝑛 ∈ 𝔇 and for all 𝑖. 

lim
𝑛→∞

𝔙(𝐴𝑖𝜁𝑛
𝑖 , 𝑆𝜍𝑛

𝑖 , ʌ) = 1, (26) 

lim
𝑛→∞

𝔇(𝐴𝑖𝜁𝑛
𝑖 , , 𝑆𝜍𝑛

𝑖 ʌ) = 0, (27) 

lim
𝑛→∞

𝔏(𝐴𝑖𝜁𝑛
𝑖 , , 𝑆𝜍𝑛

𝑖 ʌ) = 0. (28) 

By (CE.2),(23), (24), and (25), we obtain  

lim
𝑛→∞

inf 𝔙(𝐴𝜍𝑛
𝑖 , 𝐴𝐼𝜁𝑛

𝑖 , ʌ) = lim
        𝑛→∞

inf 𝔙(𝐴𝜍𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ), 

lim
𝑛→∞

sup𝔇(𝐴𝜍𝑛
𝑖 , 𝐴𝐼𝜁𝑛

𝑖 , ʌ)= lim
𝑛→∞

sup𝔇(𝐴𝜍𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ), 

lim
𝑛→∞

sup 𝔏(𝐴𝜍𝑛
𝑖 , 𝐴𝐼𝜁𝑛

𝑖 , ʌ)= lim
𝑛→∞

sup𝔏(𝐴𝜍𝑛
𝑖 , 𝑇𝜁𝑛

𝑖 , ʌ). 

Now, we show that lim
𝑛→∞

𝐴𝜍𝑛
𝑖 = ℵ𝑖. Let be  

∝𝑖= lim
𝑛→∞

inf 𝔙(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ), 

and 

ʌ𝑖 = lim
𝑛→∞

sup𝔇(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ). 

Using (20), (21), and (22) with 𝜁 = 𝜍𝑛
𝑖  and 𝜍 = 𝜁𝑛

𝑖 . We get  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝜍𝑛
𝑖 ,𝑆𝜁𝑛

𝑖 ,ʌ)

0

𝔙(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0

𝔙(𝐴𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

) ≥ 0, 



Certain Fixed Point Results via Contraction Mappings in Neutrosophic Semi-Metric Spaces Kamran et al. 

 

51 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝜍𝑛
𝑖 ,𝑆𝜁𝑛

𝑖 ,ʌ)

0

𝔇(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0

𝔇(𝐴𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔇(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝜍𝑛
𝑖 ,𝑆𝜁𝑛

𝑖 ,ʌ)

0

𝔏(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0

𝔏(𝐴𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔏(𝐴𝜍𝑛
𝑖 ,𝑇𝜁𝑛

𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝜍𝑛
𝑖 ,𝐴𝑖𝜁𝑛

𝑖 ,ʌ)

0

) ≤ 0. 

Letting 𝑛 → ∞, we deduce  

𝜙

(

 
 
∫ 𝛩(𝜏)𝑑𝜏,
∝𝑖

0

∫ 𝛩(𝜏)𝑑𝜏,
1

0

∫ 𝛩(𝜏)𝑑𝜏,
∝𝑖

0

∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,∫ 𝛩(𝜏)𝑑𝜏,
1

0

∝𝑖

0

1

0 )

 
 
≥ 0, 

𝜓(∫ 𝛩(𝜏)𝑑𝜏, 0,
ʌ𝑖

0

∫ 𝛩(𝜏)𝑑𝜏,
ʌ𝑖

0

0,∫ 𝛩(𝜏)𝑑𝜏, 0
ʌ𝑖

0

) ≤ 0, 

𝜉 (∫ 𝛩(𝜏)𝑑𝜏, 0,
ʌ𝑖

0

∫ 𝛩(𝜏)𝑑𝜏,
ʌ𝑖

0

0,∫ 𝛩(𝜏)𝑑𝜏, 0
ʌ𝑖

0

) ≤ 0. 

By (𝜙1), (𝜓1), and (𝜉1), ∝𝑖= 1 and ʌ𝑖 = 0; i.e., 

lim
𝑛→∞

inf 𝔙(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 1, 

lim
𝑛→∞

sup𝔇(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0, 

lim
𝑛→∞

sup𝔏(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0. 

Thus, we have 

lim
𝑛→∞

𝔙(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0, 

and 

lim
𝑛→∞

𝔏(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0. 

By (W4), since 

lim
𝑛→∞

𝔙(𝐴𝐼𝜁𝑛
𝑖 , ℵ𝑖, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝑖𝜁𝑛
𝑖 , ℵ𝑖, ʌ) = 0,  

lim
𝑛→∞

𝔏(𝐴𝑖𝜁𝑛
𝑖 , ℵ𝑖 , ʌ) = 0.   

and 

lim
𝑛→∞

𝔙(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0, 

lim
𝑛→∞

𝔏(𝐴𝜍𝑛
𝑖 , 𝐴𝑖𝜁𝑛

𝑖 , ʌ) = 0. 
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we have  

lim
𝑛→∞

𝔙(𝐴𝜍𝑛
𝑖 , ℵ𝑖, ʌ) = 1, 

lim
𝑛→∞

𝔇(𝐴𝜍𝑛
𝑖 , ℵ𝑖 , ʌ) = 0, 

lim
𝑛→∞

𝔏(𝐴𝜍𝑛
𝑖 , ℵ𝑖 , ʌ) = 0. 

That is 

lim
𝑛→∞

𝐴𝑖𝜁𝑛
𝑖 = lim

𝑛→∞
𝑇𝜁𝑛

𝑖 = lim
𝑛→∞

𝐴𝜍𝑛
𝑖 = lim

𝑛→∞
𝑆𝜍𝑛

𝑖 =ℵ𝑖 , ∀𝑖. 

Suppose that 𝑆(Ω) is closed. Then, ℵ𝑖 ∈ 𝑆(Ω) and there exist 𝑢𝑖 ∈ Ω such that ℵ𝑖 = 𝑆𝑢𝑖 . By (20), (21),  and (22) with 

𝜁 = 𝑢𝑖 and 𝜍 = 𝜁𝑛
𝑖 , we get 

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝑢𝑖,𝑆𝑢𝑖,ʌ)

0

𝔙(𝑆𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0

𝔙(𝐴𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝑢𝑖,𝑆𝑢𝑖,ʌ)

0

𝔇(𝑆𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0

𝔇(𝐴𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔇(𝐴𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝑢𝑖,𝑆𝑢𝑖,ʌ)

0

𝔏(𝑆𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0

𝔏(𝐴𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜁𝑛

𝑖 ,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔏(𝐴𝑢𝑖,𝑇𝜁𝑛
𝑖 ,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝑢𝑖,𝐴𝑖𝜁𝑛
𝑖 ,ʌ)

0

) ≤ 0. 

When 𝑛 → ∞ using (CE. 1), we get 

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0

1

0

𝔙(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏,
𝔇(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0
0∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝑆𝑢𝑖,ℵ𝑖,ʌ)

0

0, ∫ 𝛩(𝜏)
𝔇(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0
𝑑𝜏, 0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏,
𝔏(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0
0∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝑆𝑢𝑖,ℵ𝑖,ʌ)

0

0, ∫ 𝛩(𝜏)
𝔏(𝐴𝑢𝑖,ℵ𝑖,ʌ)

0
𝑑𝜏, 0

) ≤ 0. 

Which implies, by (CE.1), (𝜙1), (𝜓1), and (𝜉1), 𝐴𝑢𝑖 = 𝑆𝑢𝑖=ℵ𝑖 , ∀𝑖. As 𝐴Ω ⊂ 𝑇Ω, ∃ 𝑣𝑖 ∈ Ω such that  

ℵ𝑖 = 𝐴𝑢𝑖 = 𝑇𝑣𝑖 . Applying again (20), (21), and (22) with 𝜁 = 𝑢𝑖 and 𝜍 = 𝑣𝑖 , we have  

𝜙(∫ 𝛩(𝜏)𝑑𝜏,
𝔙(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

1,1,∫ 𝛩(𝜏)𝑑𝜏,
𝔙(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

1,∫ 𝛩(𝜏)𝑑𝜏
𝔙(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

) ≥ 0, 

𝜓(∫ 𝛩(𝜏)𝑑𝜏,
𝔇(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

0,0,∫ 𝛩(𝜏)𝑑𝜏,
𝔇(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

0,∫ 𝛩(𝜏)𝑑𝜏
𝔇(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

) ≤ 0, 

𝜉 (∫ 𝛩(𝜏)𝑑𝜏,
𝔏(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

0,0,∫ 𝛩(𝜏)𝑑𝜏,
𝔏(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

0,∫ 𝛩(𝜏)𝑑𝜏
𝔏(ℵ𝑖,𝐴𝑖𝑣𝑖ʌ)

0

) ≤ 0. 
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Which implies 𝐴𝑖𝑣𝑖 = 𝑇𝑣𝑖 = ℵ𝑖 by using the conditions (𝜙2), (𝜓2), and (ξ2). Since the pair (𝐴, 𝑆) is weakly 

compatible, 𝐴ℵ𝑖 = 𝑆ℵ𝑖 . Using (20), (21), and (22) with 𝜁 = ℵ𝑖 and 𝜍 = 𝑣𝑖, we get  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

𝔙(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔇(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

𝔇(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔏(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

𝔏(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴ℵ𝑖,ℵ𝑖,ʌ)

0

) ≤ 0. 

So, by (𝜙3), (𝜓3), and (ξ3), we have 

ℵ𝑖 = 𝐴ℵ𝑖 = 𝑆ℵ𝑖 (29) 

for every 𝑖 ∈ 𝐼. By weak compatibility of 𝐴𝑘  and 𝑇, we have 𝐴𝑘ℵ𝑘 = 𝑇ℵ𝑘. And with 𝜁 = 𝜍 = ℵ𝑘, we obtain  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

𝔙(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔇(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

𝔇(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔇(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔏(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

𝔏(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔏(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(ℵ𝑘,𝐴𝑘ℵ𝑘,ʌ)

0

) ≤ 0. 

From (𝜙3), (𝜓3), (𝜉3) and (4.3), it follows 𝐴𝑘ℵ𝑘 = 𝑇ℵ𝑘 = 𝑆ℵ𝑘 = ℵ𝑘 . So ℵ𝑘 is a common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝑘. But, for 

every 𝑖, we have  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

𝔙(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔇(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

𝔇(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔇(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔏(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

𝔏(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

0, ∫ 𝛩(𝜏)𝑑𝜏
𝔏(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(ℵ𝑘,𝐴𝑖ℵ𝑘,ʌ)

0

) ≤ 0. 

Then, from (𝜙3), (𝜓3), and (𝜉3), 𝐴𝑖ℵ𝑘 = ℵ𝑘 for each 𝑖 and ℵ𝑘 is a common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝑖, for every 𝑖. The unicity 

of common FP is shown as in previous theorem .Then, ℵ𝑘 is the unique common FP of 𝐴, 𝑆, 𝑇 and 𝐴𝑘, for every 𝑖. 

Remark 4.5: When 𝑇Ω is assumed to be a closed subspace of Ω, then proof is similar. On the other hand the case 

in which 𝐴Ω or 𝐴𝑖Ω is a closed subspace of Ω are similar to the case in which 𝑇Ω or 𝑆Ω is closed. 

Theorem 4.6: Let (Ω,𝔙,𝔇, 𝔏,∗,◊) be a NSMS and 𝐴, (𝐴𝑖)𝑖∈𝐼, 𝑆 and 𝑇 be self mappings of Ω satisfying 𝐴Ω ⊂  𝑇Ω and 

𝐴𝑖Ω ⊂ 𝑆Ω for all 𝑖 ∈ 𝐼 and (20), (21), and (22) for all 𝜁, 𝜍 ∈ Ω and every ʌ > 0, where 𝜙 ∈  𝛷, 𝜓 ∈ Ψ and 𝛩: 𝑅+ → 𝑅+ is a 

locally integrable function which satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0
𝜀

𝛿
, for every 0 <  𝛿 <  𝜀. Suppose that: 
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(I) (𝐴, 𝑆) or ( 𝐴𝑖, 𝑇) for every 𝑖 ∈ 𝐼 satisfies property (E.A); 

(II) (𝐴, 𝑆) and (𝐴𝑘 , 𝑇) are weakly compatible for some 𝑘. If one of the subspaces 𝐴Ω, 𝑆Ω, 𝐴𝑖Ω and 𝑇Ω of Ω is closed, 

then 𝐴,𝐴𝑖 for every 𝑖 ∈ 𝐼, 𝑆 and 𝑇 have a unique common FP in Ω. 

Proof: By the Proposition 3.7, the result follows immediately from the previous Theorems 4.3 or 4.4. In the 

following results, the condition of compatibility is a slightly enhanced occasionally weak compatibility. And 

hypotheses on the ranges are removed. 

Theorem 4.7: Let (Ω, 𝔙,𝔇, 𝔏,∗,◊) be a NSMS and 𝐴, (𝐴𝑖)𝑖∈𝐼 , 𝑆 and 𝑇 be self mappings of Ω satisfying the following 

conditions: 

i) the pair (𝐴, 𝑆) is occasionally weakly compatible, 

ii) there exists 𝑣 ∈ ⋂ 𝐶(𝐴𝑖 , 𝑇)𝑖∈𝐼  such that 𝐴𝑖𝑇𝑣 = 𝑇𝐴𝑖𝑣 for all 𝑖 ∈ 𝐼, where 𝐶(𝐴𝑖 , 𝑇) is the set coincidence point of 𝐴𝑖 

and 𝑇,  

iii) 𝐴, 𝐴𝑖 for every 𝑖 ∈ 𝐼, 𝑆 and 𝑇 satisfies (20), (21) and (22) for every 𝜁 and 𝜍 ∈ Ω where 

𝜙,𝜓:𝑅+
6 → 𝑅 Satisfies the equation (20), (21) and (22) and 𝛩: 𝑅+ → 𝑅+ is a locally integrable function which 

satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0
𝜀

𝛿
 for every 0 < 𝛿 < 𝜀.Then 𝐴, 𝐴𝑖 for every 

𝑖 ∈ 𝐼, 𝑆 and 𝑇 have a unique common FP in Ω. 

Proof: By (i) and (ii), there exists 𝑢 and 𝑣 ∈ Ω such that for every 𝑖 ∈ 𝐼 

𝐴𝑢 = 𝑆𝑢           𝐴𝑆𝑢 = 𝑆𝐴𝑢            𝐴𝑖𝑣 = 𝑇𝑣        𝐴𝑖𝑇𝑣 = 𝑇𝐴𝑖𝑣. (30) 

Using (20), (21), and (22) with 𝜁 = 𝑢 and 𝜍 = 𝑣, we have  

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝑢,𝑆𝑢,ʌ)

0

𝔙(𝑆𝑢,,𝑇𝑣,ʌ)

0

𝔙(𝐴𝑢,𝐴𝑖𝑣,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝑣,,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝑢,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝑢,𝐴𝑖𝑣,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝑢,𝑆𝑢,ʌ)

0

𝔇(𝑆𝑢,,𝑇𝑣,ʌ)

0

𝔇(𝐴𝑢,𝐴𝑖𝑣,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝑣,,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔇(𝐴𝑢,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝑢,𝐴𝑖𝑣,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝑢,𝑆𝑢,ʌ)

0

𝔏(𝑆𝑢,,𝑇𝑣,ʌ)

0

𝔏(𝐴𝑢,𝐴𝑖𝑣,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝑣,,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔏(𝐴𝑢,𝑇𝑣,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝑢,𝐴𝑖𝑣,ʌ)

0

) ≤ 0. 

Then by (𝜙3), (𝜓3) and (𝜉3), 𝐴𝑢 = 𝑇𝑣  we have for every 𝑖, 

𝐴𝑢 = 𝑆𝑢 = 𝐴𝑖𝑣 = 𝑇𝑣.  (31) 

From (30), we can write for every 𝑖  

𝐴𝑖𝐴𝑢 = 𝐴𝑖𝑇𝑣 = 𝑇𝐴𝑖𝑣 = 𝑇𝐴𝑢  (32) 

Using (20), (21) and (22) again with 𝜁 = 𝑢 and 𝜍 = 𝑇𝑢, we obtain with (32) 

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

𝔙(𝐴𝑢,𝑇𝐴𝑣,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

) ≥ 0, 
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𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔇(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

𝔇(𝐴𝑢,𝑇𝐴𝑣,ʌ)

0

0, ∫ 𝛩(𝜏)
𝔇(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔏(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

𝔏(𝐴𝑢,𝑇𝐴𝑣,ʌ)

0

0, ∫ 𝛩(𝜏)
𝔏(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴𝑢,𝑇𝐴𝑢,ʌ)

0

) ≤ 0. 

So, by (𝜙3), (𝜓3), and (𝜉3), 𝐴𝑢 = 𝑇𝐴𝑢 . Therefore, we have by (30), (31), and (32), for every 𝑖 ∈ 𝐼. 

𝐴𝑖(𝐴𝑢) = 𝑇(𝐴𝑢) = 𝐴𝑢, (33) 

and 
𝐴(𝐴𝑢) = 𝐴(𝑆𝑢) = 𝑆(𝐴𝑢).  (34) 

Using (20), (21), and (22) again with 𝜁 = 𝜍 = 𝐴𝑢, we get 

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

1

0

𝔙(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

𝔙(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

∫ 𝛩(𝜏)
1

0
𝑑𝜏, ∫ 𝛩(𝜏)

𝔙(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

) ≥ 0, 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔇(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

𝔇(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

0, 𝑑𝜏, ∫ 𝛩(𝜏)
𝔇(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

) ≤ 0, 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, 0,

𝔏(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

𝔏(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

0, 𝑑𝜏, ∫ 𝛩(𝜏)
𝔏(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴𝐴𝑢,𝐴𝑢,ʌ)

0

) ≤ 0. 

Hence by (𝜙3), (𝜓3), (𝜉3), (33), and (34) for all 𝑖, we have  

𝐴(𝐴𝑢) = 𝑆(𝐴𝑢) = 𝐴𝑖(𝐴𝑢) = 𝑇(𝐴𝑢) = 𝐴𝑢. 

So, 𝐴𝑢 is a FP of 𝐴, 𝑆, 𝑇, and 𝐴𝑖 for every 𝑖. The unicity of the common FP is shown as in the previous theorem. And 

the proof is finished. 

As a particular case, we get the following theorem which generalizes Theorem 4.1 of (Pathak et al. [29]), Theorem 

2.3 of (Merghadi and Godet-Thobie [25]) and Theorem 3.1 of (Aliouche and Popa [31]) among others. 

Theorem 4.8: Let 𝐴, 𝐵, 𝑆 and 𝑇 be self-mappings of a NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊), which satisfies 

𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔙(𝐴𝜁,𝐵𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐵𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝜁,𝐵𝜍,ʌ)

0

) ≥ 0,  (35) 

𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔇(𝐴𝜁,𝐵𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐵𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝜁,𝐵𝜍,ʌ)

0

) ≤ 0,  (36) 

𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔏(𝐴𝜁,𝐵𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐵𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝜁,𝐵𝜍,ʌ)

0

) ≤ 0.  (37) 

for every 𝜁 and every 𝜍 ∈ Ω, where 𝜙,𝜓 ∶  𝑅+
6  →  𝑅 satisfy the conditions (𝜙3) and (𝜓3) and 

𝛩: 𝑅+  →  𝑅+ is a locally integrable function which satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0
𝜀

𝛿
, for every 0 <  𝛿 <  𝜀. If the pairs (𝐴, 𝑆) 

and (𝐵, 𝑇) are occasionally weakly compatible, then 𝐴, 𝐵, 𝑆 and 𝑇 have a unique common FP. 
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5. Examples and Applications 

We provide some examples that illustrate our theorems before explaining a number of previously published 

results that can be obtained as special cases of our earlier theorems. 

Example 5.1: Let (Ω,𝔙,𝔇,∗,◊) be as following: Ω = [0, 4],  

𝔙 (𝜁, 𝜍, ʌ) =
ʌ

ʌ + |𝜁−𝜍|
, 

𝔇(𝜁, 𝜍, ʌ) =
|𝜁−𝜍|

ʌ + |𝜁−𝜍|
, 

𝔏(𝜁, 𝜍, ʌ) =
|𝜁−𝜍|

ʌ
. 

𝑎 ∗ 𝑏 = 𝑎𝑏 and 𝑎 ◊  𝑏 =  min {1, 𝑎 +  𝑏}. Let 

𝜙(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −min{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}, 

𝜓(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −max{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}, 

𝜉(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −max{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}, 

and 𝐴, 𝐴𝑖∈𝐼 , 𝑆, and 𝑇 be self-mapping of Ω such that 

𝐴𝜁 =

{
 
 

 
 
7

3
if 𝜁 ∈ [0,2[

2 if 𝜁 ∈ [2,3[
3

2
if 𝜁 ∈ [3,4[

,          𝑆𝜁 = {

3 if 𝜁 ∈ [0,2[

𝜁 if 𝜁 ∈ [2,3[
7

2
if 𝜁 ∈ [3,4[

, 

for all 𝑖 ∈ 𝔇, 

𝐴𝑖𝜍 = {
2 if 𝜍 ∈ [0,3[

2 +
1

𝑖
if 𝜍 ∈ [3,4]

,       𝑇𝜍 = {
4 − 𝜍 if 𝜍 ∈ [0,3[
3

4
if 𝜍 ∈ [3,4].

 

Note that there exists ℵ +  2 in Ω such that 𝐴2 = 𝐴𝑖2 =  𝑆 2 =  𝑇2 =  2, ∀𝑖. It is clear with the sequence 𝜁𝑛  =  2 +
1

𝑛
 that 

(𝐴, 𝑆) satisfies the property (E.A). 𝐶(𝐴, 𝑆)  =  {2}, 𝐴𝑆2 =  𝑆𝐴2; (𝐴, 𝑆) are weakly compatible. 𝐶( 𝐴2 , 𝑇) = {2} and 𝐴2𝑇2 =

𝑇𝐴22 = 2, then hypotheses (I) and (II) of Theorem 4.3 are satisfied. 

𝐴Ω = {
3

2
, 2,
7

3
} ⊂ 𝑇Ω = {

3

4
}⋃]1,4], 

and  

𝐴𝑖Ω = {2,2 +
1

𝑖
} ⊂ 𝑆Ω = [2,3]⋃ {

7

2
}. 

Now, we verify the condition (7), (8) and (9) of Theorem 4.3. Let 𝛩(𝜏) = 1 

∫ 𝛩(𝜏)𝑑𝜏
𝔙(𝜁,𝜍,ʌ)

0

=
|𝜁−𝜍|

ʌ + |𝜁−𝜍|)
, 

∫ 𝛩(𝜏)𝑑𝜏
𝔇(𝜁,𝜍,ʌ)

0

=
|𝜁−𝜍|

ʌ + |𝜁−𝜍|)
, 

∫ 𝛩(𝜏)𝑑𝜏
𝔏(𝜁,𝜍,ʌ)

0

=
|𝜁−𝜍|

ʌ
. 
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If we define 𝑅, 𝐿, 𝐽, 𝑃 𝑄 and 𝑈 by 

𝑅(𝜁, 𝜍, ʌ) = 𝜙(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔙(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔙(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔙(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

), 

𝐿(𝜁, 𝜍, ʌ) = 𝜓(
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔇(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔇(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔇(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

), 

𝐽(𝜁, 𝜍, ʌ) = 𝜉 (
∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏,

𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

𝔏(𝐴𝜁,𝐴𝑖𝜍,ʌ)

0

∫ 𝛩(𝜏)
𝔏(𝐴𝑖𝜍,𝑇𝜍,ʌ)

0
𝑑𝜏, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0
, ∫ 𝛩(𝜏)𝑑𝜏

𝔏(𝑆𝜁,𝐴𝑖𝜍,ʌ)

0

). 

𝑃(𝜁, 𝜍, ʌ) = min {

ʌ

ʌ + |𝑆𝜁 − 𝑇𝜍|
,

ʌ

ʌ + |𝐴𝜁 − 𝑆𝜁|
,

ʌ

ʌ + |𝐴𝑖𝜍 − 𝑇𝜍|
,

ʌ

ʌ + |𝐴𝜁 − 𝑇𝜍|
,

ʌ

ʌ + |𝑆𝜁 − 𝐴𝑖𝜍|

}, 

𝑄(𝜁, 𝜍, ʌ) = max

{
 
 

 
 |𝑆𝜁 − 𝑇𝜍|

ʌ + |𝑆𝜁 − 𝑇𝜍|
,
|𝐴𝜁 − 𝑆𝜁|

ʌ + |𝐴𝜁 − 𝑆𝜁|
,
|𝐴𝑖𝜍 − 𝑇𝜍|

ʌ + |𝐴𝑖𝜍 − 𝑇𝜍|
,

|𝐴𝜁 − 𝑇𝜍|

ʌ + |𝐴𝜁 − 𝑇𝜍|
,
|𝑆𝜁 − 𝐴𝑖𝜍|

ʌ + |𝑆𝜁 − 𝐴𝑖𝜍| }
 
 

 
 

, 

𝑈(𝜁, 𝜍, ʌ) = max{

|𝑆𝜁 − 𝑇𝜍|

ʌ
,
|𝐴𝜁 − 𝑆𝜁|

ʌ
,
|𝐴𝑖𝜍 − 𝑇𝜍|

ʌ
,

|𝐴𝜁 − 𝑇𝜍|

ʌ
,
|𝑆𝜁 − 𝐴𝑖𝜍|

ʌ

} . 

Then 

𝑅(𝜁, 𝜍, ʌ) =
ʌ

ʌ + |𝐴𝜁 − 𝐴𝑖𝜍|
− 𝑃(𝜁, 𝜍, ʌ), 

and  

𝐿(𝜁, 𝜍, ʌ) =
|𝐴𝜁 − 𝐴𝑖𝜍|

ʌ + |𝐴𝜁 − 𝐴𝑖𝜍|
− 𝑄(𝜁, 𝜍, ʌ), 

𝐽(𝜁, 𝜍, ʌ) =
|𝐴𝜁 − 𝐴𝑖𝜍|

ʌ
− 𝑈(𝜁, 𝜍, ʌ). 

We have to prove that 𝑅(𝜁, 𝜍, ʌ) ≥  0, 𝐿(𝜁, 𝜍, ʌ) ≤  0 and 𝐽(𝜁, 𝜍, ʌ) ≤  0, for every 𝜁 and every 𝜍. It is clear that 𝑅(𝜁, 𝜍, ʌ) ≥

 0, 𝐿(𝜁, 𝜍, ʌ) ≤  0 and 𝐽(𝜁, 𝜍, ʌ)  ≤  0  when 𝜁 ∈ [2,3[ and 𝜍 ∈  [0, 3[. Since, in this case, 

|𝐴𝜁 − 𝐴𝑖𝜍| = 0. 

We have to study the other cases. For this, it is easy to see that 𝑅(𝜁, 𝜍, ʌ) ≥  0, 𝐿(𝜁, 𝜍, ʌ) ≤  0 and 𝐽(𝜁, 𝜍, ʌ) ≤  0, if  

𝑉(𝜁, 𝜍) = {
|𝑆𝜁 − 𝑇𝜍⌋,|𝐴𝜁 − 𝑆𝜁⌋, |𝐴𝑖𝜍 − 𝑇𝜍⌋,

|𝐴𝜁 − 𝑇𝜍⌋, |𝑆𝜁 − 𝐴𝑖𝜍⌋
} ≥ |𝐴𝜁 − 𝐴𝑖𝜍⌋}. 

See Tables (1-8) 5.1 and 5.2 for required values of this example. 
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Table 1: Some values connected with Example 5.1. 

 
𝜁 ∈ [0,2[ 

𝜍 ∈ [0,1[ 

𝜁 ∈ [0,2[ 

𝜍 ∈ [1,2[ 

𝜁 ∈ [0,2[ 

𝜍 ∈ [2,3[ 

𝜁 ∈ [0,2[ 

𝜍 ∈ [3,4[ 

𝜁 ∈ [2,2 +
1

𝑖
[ 

𝜍 ∈ [3,4[ 

|𝐴𝜁 − 𝐴𝑖𝜍⌋ 
1

3
 

1

3
 

1

3
 

1

3
−
1

𝑖
 

1

𝑖
 

|𝑆𝜁 − 𝑇𝜍⌋ 1 − 𝜍 𝜍 − 1 𝜍 − 1 
9

4
 𝜁 −

3

4
 

|𝐴𝜁 − 𝑆𝜁⌋ 
2

3
 

2

3
 

2

3
 

2

3
 𝜁 − 2 

|𝐴𝑖 − 𝑇𝜍⌋ 2 − 𝜍 2 − 𝜍 𝜍 − 2 
5

4
+
1

𝑖
 

5

4
+
1

𝑖
 

|𝐴𝜁 − 𝑇𝜍⌋ 
5

3
− 𝜍 |𝜍 −

5

3
| 𝜍 −

5

3
 

19

12
 

5

4
 

|𝑆𝜁 − 𝐴𝑖𝜍⌋ 1 1 1 1 −
1

𝑖
 2 +

1

𝑖
− 𝜁 

𝑉(𝜁, 𝜍) 2 − 𝜍 1 𝜍 − 1 
9

4
 

5

4
+
1

𝑖
 

 ≥
1

3
 ≥

1

3
 ≥

1

3
 ≥

1

3
−
1

𝑖
 ≥

1

𝑖
 

 

Table 2: Some values connected with Example 5.1. 

 
𝜁 ∈ [2 +

1

𝑖
, 3[ 

𝜍 ∈ [3,4[ 

𝜁 ∈ [3,4[ 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ [3,4[ 

𝜍 ∈ [
1

2
,
5

2
[ 

𝜁 ∈ [3,4[ 

𝜍 ∈ [
5

2
, 3[ 

𝜁 ∈ [3,4[ 

𝜍 ∈ [3,4[ 

|𝐴𝜁 − 𝐴𝑖𝜍⌋ 
1

𝑖
 

1

2
 

1

2
 

1

2
 |

1

2
−
1

𝑖
| 

|𝑆𝜁 − 𝑇𝜍⌋ 𝜁 −
3

4
 

1

2
− 𝜍 𝜍 −

1

2
 𝜍 −

1

2
 

11

4
 

|𝐴𝜁 − 𝑆𝜁⌋ 𝜁 − 2 2 2 2 2 

|𝐴𝑖𝜍 − 𝑇𝜍⌋ 
5

4
+
1

𝑖
 2 − 𝜍 |𝜍 − 2| 𝜍 − 2 

5

4
+
1

𝑖
 

|𝐴𝜁 − 𝑇𝜍⌋ 
5

4
 

5

2
− 𝜍 

5

2
− 𝜍 𝜍 −

5

2
 

3

2
 

|𝑆𝜁 − 𝐴𝑖𝜍⌋ 2 +
1

𝑖
− 𝜁 

3

2
 

3

2
 

3

2
 

3

2
−
1

𝑖
 

𝑉(𝜁, 𝜍) 
5

4
+
1

𝑖
 

5

2
− 𝜍 2 𝜍 −

1

2
 

11

4
 

 ≥
1

𝑖
 ≥

1

2
 ≥

1

2
 ≥

1

2
 ≥ |

1

2
−
1

𝑖
| 

 

So, for every 𝜁, every 𝜍  and every ʌ, 𝑅(𝜁, 𝜍, ʌ) ≥  0, 𝐿(𝜁, 𝜍, ʌ) ≤  0 and 𝐽(𝜁, 𝜍, ʌ) ≤  0. Then, all conditions of Theorem 

4.3 are satisfied. We give now an example which illustrates Theorem 4.7.  

Example 5.2: Let (Ω, 𝔙,𝔇, 𝔏,∗,◊), be the NSMS in Example 2.5, 𝛩(ʌ) = 1, 

𝜙(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −min{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}, 

𝜓(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −max{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}, 

𝜉(𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = 𝜏1 −max{𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6}. 

Let 𝐴, 𝐴𝑖∈𝔇∗ , 𝑆, and 𝑇 be self mapping of Ω such that  
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𝐴𝜁 = {

5

6
      if 𝜁 ∈ [0,

1

2
[

1

2
     if 𝜁 ∈ [

1

2
, 1]

 ,        𝑆𝜁 =

{
 
 

 
 
1

2
    if 𝜁 ∈ [0,

1

2
[

1

2
           if 𝜁 =

1

2
1

4
  if 𝜁 ∈ [

1

2
, 1[

, 

for all 𝑖 ∈ 𝔇∗, 

𝐴𝑖𝜍 =

{
 
 

 
 
3

4
     if 𝜍 ∈ [0,

1

2
[

1

2
           if 𝜍 =

1

2
2

7
    if 𝜍 ∈ [

1

2
, 1[

  ,     𝑇𝜍 = {

4

5
    if 𝜍 ∈ [0,

1

2
[

1

2
   if 𝜍 ∈ [

1

2
, 1]
. 

If, we define 𝑅, 𝐿, 𝑃, 𝐽, 𝑈 and 𝑄 as in the previous example, we have, except when the values are equal in which 

case, as indicated by ∗, 𝔙 takes the value 1 and 𝔇, 𝔏 are 0,  

2𝑃(𝜁, 𝜍, ʌ) = min {
max{𝑆𝜁, 𝑇𝜍},max{𝐴𝜁, 𝑆𝜁},

max{𝐴𝑖𝜍, 𝑇𝜍},max{𝐴𝜁, 𝑇𝜍},max{𝑆𝜁, 𝐴𝑖𝜍}
}, 

2𝑄(𝜁, 𝜍, ʌ) = max {
min{𝑆𝜁, 𝑇𝜍},min{𝐴𝜁, 𝑆𝜁},min{𝐴𝑖𝜍, 𝑇𝜍},

min{𝐴𝜁, 𝑇𝜍},min{𝑆𝜁, 𝐴𝑖𝜍}
}, 

2𝑈(𝜁, 𝜍, ʌ) = max {
min{𝑆𝜁, 𝑇𝜍},min{𝐴𝜁, 𝑆𝜁},min{𝐴𝑖𝜍, 𝑇𝜍},

min{𝐴𝜁, 𝑇𝜍},min{𝑆𝜁, 𝐴𝑖𝜍}
}. 

𝑅(𝜁, 𝜍, ʌ) =
1

2
max{𝐴𝜁, 𝐴𝑖𝜍} − 𝑃(𝜁, 𝜍, ʌ), 

𝐿(𝜁, 𝜍, ʌ) =
1

2
min{𝐴𝜁, 𝐴𝑖𝜍} − 𝑄(𝜁, 𝜍, ʌ), 

𝐽(𝜁, 𝜍, ʌ) =
1

2
min{𝐴𝜁, 𝐴𝑖𝜍} − 𝑈(𝜁, 𝜍, ʌ). 

We have to prove that 𝑅(𝜁, 𝜍, ʌ) ≥  0, 𝐿(𝜁, 𝜍, ʌ) ≤ 0 and 𝐽(𝜁, 𝜍, ʌ) ≤  0 , for every 𝜁 and every 𝜍. It is evident that 

𝑅(𝜁, 𝜍, ʌ)  ≥  0 𝐿(𝜁, 𝜍, ʌ) ≤ 0 and 𝐽(𝜁, 𝜍, ʌ) ≤  0 when 𝜁 = 𝜍 =
1

2
 since, 

𝐴𝜁 = 𝐴𝑖𝜍 = 𝑆𝜁 = 𝑇𝜍 =
1

2
 . 

We represent the other cases in following Tables 3-8. 

Table 3: Some values connected with Example 5.2. 

 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ [0,
1

2
[ 

𝜍 =
1

2
 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ ]
1

2
, 1] 

𝜁 =
1

2
 

𝜍 ∈ [0,
1

2
[ 

max{𝐴𝜁, 𝐴𝑖𝜍} 
5

6
 

5

6
 

5

6
 

3

4
 

max{𝑆𝜁, 𝑇𝜍} 
4

5
 

1

2
 

1

2
 

4

5
 

max{𝐴𝜁, 𝑆𝜁} 
5

6
 

5

6
 

5

6
 ∗ 

max{𝐴𝑖𝜍, 𝑇𝜍} 
4

5
 ∗ 

1

2
 

4

5
 

max{𝐴𝜁, 𝑇𝜍} 
5

6
 

5

6
 

5

6
 

4

5
 

max{𝑆𝜁, 𝐴𝑖𝜍} 
3

4
 

1

2
 

2

7
+
1

2𝑖
 

3

4
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Table 3 (contd….) 

 
𝜁 ∈ [0,

1

2
[ 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ [0,
1

2
[ 

𝜍 =
1

2
 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ ]
1

2
, 1] 

𝜁 =
1

2
 

𝜍 ∈ [0,
1

2
[ 

𝑃(𝜁, 𝜍, ʌ) 
3

8
 

1

4
 

1

7
+
1

4𝑖
 

3

8
 

𝑅(𝜁, 𝜍, ʌ) 
5

12
−
3

8
≥ 0 

5

12
−
1

4
≥ 0 

5

12
−
1

7
−
1

4𝑖
≥ 0 

3

8
−
3

8
≥ 0 

 

Table 4: Some values connected with Example 5.2. 

 
𝜁 =

1

2
 

𝜍 ∈ ]
1

2
, 1] 

𝜁 ∈ ]
1

2
, 1] 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ ]
1

2
, 1] 

𝜍 =
1

2
 

𝜁 ∈ ]
1

2
, 1] 

𝜍 =
1

2
 

max{𝐴𝜁, 𝐴𝑖𝜍} 
1

2
 

3

4
 ∗ 

1

2
 

max{𝑆𝜁, 𝑇𝜍} ∗ 
4

5
 

1

2
 

1

2
 

max{𝐴𝜁, 𝑆𝜁} ∗ 
1

2
 

1

2
 

1

2
 

max{𝐴𝑖𝜍, 𝑇𝜍} 
1

2
 

4

5
 ∗ 

1

2
 

max{𝐴𝜁, 𝑇𝜍} ∗ 
4

5
 ∗ ∗ 

max{𝑆𝜁, 𝐴𝑖𝜍} 
1

2
 

3

4
 

1

2
 

2

7
+
1

2𝑖
 

𝑃(𝜁, 𝜍, ʌ) 
1

4
 

1

4
 

1

4
 

1

7
+
1

4𝑖
 

𝑅(𝜁, 𝜍, ʌ) 
1

4
−
1

4
≥ 0 

3

8
−
1

4
≥ 0 1 −

1

4
≥ 0 

1

4
−
1

7
−
1

4𝑖
≥ 0 

 

Table 5: Some values connected with Example 5.2. 

 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ [0,
1

2
[ 

𝜍 =
1

2
 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ ]
1

2
, 1] 

𝜁 =
1

2
 

𝜍 ∈ [0,
1

2
[ 

max{𝐴𝜁, 𝐴𝑖𝜍} 
3

4
 

1

2
 

2

7
+
1

2𝑖
 

1

2
 

max{𝑆𝜁, 𝑇𝜍} 
1

5
 

1

5
 

1

5
 

1

2
 

max{𝐴𝜁, 𝑆𝜁} 
1

5
 

1

5
 

1

5
 ∗ 

max{𝐴𝑖𝜍, 𝑇𝜍} 
3

4
 ∗ 

2

7
+
1

2𝑖
 

3

4
 

max{𝐴𝜁, 𝑇𝜍} 
4

5
 

1

2
 

1

2
 

1

2
 

max{𝑆𝜁, 𝐴𝑖𝜍} 
1

5
 

1

5
 

1

5
 

1

2
 

𝑄(𝜁, 𝜍, ʌ) 
2

5
 

1

4
 

1

4
 

3

8
 

𝐿(𝜁, 𝜍, ʌ) 
3

8
−
1

5
≤ 0 

1

4
≤ 0 

1

7
+
1

4𝑖
−
1

4
≤ 0 

1

4
−
3

8
≤ 0 
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Table 6: Some values connected with Example 5.2. 

 

𝜁 =
1

2
 

𝜍 ∈ ]
1

2
, 1] 

𝜁 ∈ ]
1

2
, 1] 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ ]
1

2
, 1] 

𝜍 =
1

2
 

𝜁 ∈ ]
1

2
, 1] 

𝜍 ∈ ]
1

2
, 1] 

max{𝐴𝜁, 𝐴𝑖𝜍} 
2

7
+
1

2𝑖
 

1

2
 ∗ 

2

7
+
1

2𝑖
 

max{𝑆𝜁, 𝑇𝜍} ∗ 
1

4
 

1

4
 

1

4
 

max{𝐴𝜁, 𝑆𝜁} ∗ 
1

4
 

1

4
 

1

4
 

max{𝐴𝑖𝜍, 𝑇𝜍} 
2

7
+
1

2𝑖
 

3

4
 ∗ 

2

7
+
1

2𝑖
 

max{𝐴𝜁, 𝑇𝜍} ∗ 
1

2
 ∗ ∗ 

max{𝑆𝜁, 𝐴𝑖𝜍} 
2

7
+
1

2𝑖
 

1

4
 

1

4
 

1

4
 

𝑄(𝜁, 𝜍, ʌ) 
1

7
+
1

4𝑖
 

3

8
 

1

8
 

1

7
−
1

4𝑖
 

𝐿(𝜁, 𝜍, ʌ) 
1

7
+
1

4𝑖
−
1

7
−
1

4𝑖
≤ 0 

1

4
−
3

8
≤ 0 0 −

1

4
≤ 0 

1

7
+
1

4𝑖
−
1

7
−
1

4𝑖
≤ 0 

 

Table 7: Some values connected with Example 5.2. 

 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ [0,
1

2
[ 

𝜍 =
1

2
 

𝜁 ∈ [0,
1

2
[ 

𝜍 ∈ ]
1

2
, 1] 

𝜁 =
1

2
 

𝜍 ∈ [0,
1

2
[ 

max{𝐴𝜁, 𝐴𝑖𝜍} 
3

4
 

1

2
 

2

7
+
1

2𝑖
 

1

2
 

max{𝑆𝜁, 𝑇𝜍} 
1

5
 

1

5
 

1

5
 

1

2
 

max{𝐴𝜁, 𝑆𝜁} 
1

5
 

1

5
 

1

5
 ∗ 

max{𝐴𝑖𝜍, 𝑇𝜍} 
3

4
 ∗ 

2

7
+
1

2𝑖
 

3

4
 

max{𝐴𝜁, 𝑇𝜍} 
4

5
 

1

2
 

1

2
 

1

2
 

max{𝑆𝜁, 𝐴𝑖𝜍} 
1

5
 

1

5
 

1

5
 

1

2
 

𝑈(𝜁, 𝜍, ʌ) 
2

5
 

1

4
 

1

4
 

3

8
 

𝐽(𝜁, 𝜍, ʌ) 
3

8
−
1

5
≤ 0 

1

4
≤ 0 

1

7
+
1

4𝑖
−
1

4
≤ 0 

1

4
−
3

8
≤ 0 
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Table 8: Some values connected with Example 5.2. 

 
𝜁 =

1

2
 

𝜍 ∈ ]
1

2
, 1] 

𝜁 ∈ ]
1

2
, 1] 

𝜍 ∈ [0,
1

2
[ 

𝜁 ∈ ]
1

2
, 1] 

𝜍 =
1

2
 

𝜁 ∈ ]
1

2
, 1] 

𝜍 ∈ ]
1

2
, 1] 

max{𝐴𝜁, 𝐴𝑖𝜍} 
2

7
+
1

2𝑖
 

1

2
 ∗ 

2

7
+
1

2𝑖
 

max{𝑆𝜁, 𝑇𝜍} ∗ 
1

4
 

1

4
 

1

4
 

max{𝐴𝜁, 𝑆𝜁} ∗ 
1

4
 

1

4
 

1

4
 

max{𝐴𝑖𝜍, 𝑇𝜍} 
2

7
+
1

2𝑖
 

3

4
 ∗ 

2

7
+
1

2𝑖
 

max{𝐴𝜁, 𝑇𝜍} ∗ 
1

2
 ∗ ∗ 

max{𝑆𝜁, 𝐴𝑖𝜍} 
2

7
+
1

2𝑖
 

1

4
 

1

4
 

1

4
 

𝑈(𝜁, 𝜍, ʌ) 
1

7
+
1

4𝑖
 

3

8
 

1

8
 

1

7
−
1

4𝑖
 

𝐽(𝜁, 𝜍, ʌ) 
1

7
+
1

4𝑖
−
1

7
−
1

4𝑖
≤ 0 

1

4
−
3

8
≤ 0 0 −

1

4
≤ 0 

1

7
+
1

4𝑖
−
1

7
−
1

4𝑖
≤ 0 

 

Theorem 4.7 is explained by this example because other theorem’s assumptions are met. As specific examples 

of our earlier theorems, we now mention a few results that have already been published. The subsequent theorem 

enhances Theorem 3 of (Djoudi and Aliouche [30]). Since this result only applies to symmetric spaces, no restrictions 

on the ranges of 𝐴, 𝐵, 𝑆, and 𝑇 are made.  

Additionally, the upper semi continuity and non-decrease of 𝜓 hypotheses are dropped, and the weak 

compatibility of the pairs (𝐴, 𝑆) and (𝐵, 𝑇) is replaced by the occasionally weak computability. 

Theorem 5.3: Suppose (Ω,𝔙,𝔇, 𝔏,∗,◊ ) be a NSMS and 𝐴, 𝐵, 𝑆 and 𝑇 be self- mappings of Ω which fulfil the following 

axioms, for every 𝜁 and every 𝜍 ∈  Ω and ʌ >  0 

(∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝐵𝜍,ʌ)

0

)

𝑝

≥ 𝜙

[
 
 
 
 
 
 
 
 
 
 

(1 − 𝑎)

(

 
 
 
 
 
 
 
 

min

{
 
 
 
 
 

 
 
 
 
 𝑎 (∫ 𝜙(𝜏)𝑑𝜏

𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

+ (∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

,

 (∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

)

𝑝

, (∫ 𝜙(𝜏)𝑑𝜏
𝔙( 𝐵𝜍,𝑇𝜍,ʌ)

0

)

𝑝

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0

)

𝑝

2

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝑆𝜁,𝐵𝜍,ʌ)

0

)

𝑝

2

}
 
 
 
 
 

 
 
 
 
 

)

 
 
 
 
 
 
 
 

]
 
 
 
 
 
 
 
 
 
 

, 

and 

(∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝐵𝜍,ʌ)

0

)

𝑝

≤ ψ

[
 
 
 
 
 
 
 
 
 
 

(1 − 𝑎)

(

 
 
 
 
 
 
 
 

max

{
 
 
 
 
 

 
 
 
 
 𝑎 (∫ 𝜙(𝜏)𝑑𝜏

𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

+ (∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

,

 (∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

)

𝑝

, (∫ 𝜙(𝜏)𝑑𝜏
𝔇( 𝐵𝜍,𝑇𝜍,ʌ)

0

)

𝑝

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0

)

𝑝

2

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝑆𝜁,𝐵𝜍,ʌ)

0

)

𝑝

2

}
 
 
 
 
 

 
 
 
 
 

)

 
 
 
 
 
 
 
 

]
 
 
 
 
 
 
 
 
 
 

, 
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(∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝐵𝜍,ʌ)

0

)

𝑝

≤ ξ

[
 
 
 
 
 
 
 
 
 
 

(1 − 𝑎)

(

 
 
 
 
 
 
 
 

max

{
 
 
 
 
 

 
 
 
 
 𝑎 (∫ 𝜙(𝜏)𝑑𝜏

𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

+ (∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

)

𝑝

,

 (∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

)

𝑝

, (∫ 𝜙(𝜏)𝑑𝜏
𝔏( 𝐵𝜍,𝑇𝜍,ʌ)

0

)

𝑝

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0

)

𝑝

2

,

(∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0

∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝑆𝜁,𝐵𝜍,ʌ)

0

)

𝑝

2

}
 
 
 
 
 

 
 
 
 
 

)

 
 
 
 
 
 
 
 

]
 
 
 
 
 
 
 
 
 
 

. 

Where 𝜙,𝜓, 𝜉: 𝑅+ → 𝑅+ satisfy 𝜙(ʌ) > ʌ, 𝜓(ʌ) < ʌ and 𝜉(ʌ) < ʌ for every ʌ > 0, 𝑎 ∈ [0,1[ and 𝜙: 𝑅+ → 𝑅+ is integrable 

function locally which accomplish ∫ 𝛩(ʌ)𝑑ʌ > 0,
𝜀

𝛿
 for each 0 < 𝛿 <∈. 𝐴, 𝐵, 𝑆 and 𝑇 have a unique common FP in Ω, if 

pairs (𝐴, 𝑆) and (𝐵, 𝑇) are occasionally weakly compatible. 

Proof: We define 𝐹, 𝐺, 𝐻: 𝑅+
6 → 𝑅+ respectively by  

𝐹(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1
𝑝
− 𝜙 (𝑎ʌ1

𝑝
+ (1 − 𝑎)min {ʌ2

𝑝
, ʌ3
𝑝
, ʌ4
𝑝
, (ʌ3, ʌ5)

𝑝

2 , (ʌ5, ʌ6)
𝑝

2}), 

𝐺(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1
𝑝
− 𝜓 (𝑎ʌ1

𝑝
+ (1 − 𝑎)max {ʌ2

𝑝
, ʌ3
𝑝
, ʌ4
𝑝
, (ʌ3, ʌ5)

𝑝

2 , (ʌ5, ʌ6)
𝑝

2}), 

𝐻(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1
𝑝
− 𝜉 (𝑎ʌ1

𝑝
+ (1 − 𝑎)max {ʌ2

𝑝
, ʌ3
𝑝
, ʌ4
𝑝
, (ʌ3, ʌ5)

𝑝

2 , (ʌ5, ʌ6)
𝑝

2}), 

𝐹 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ) ≥ 0, 

is written 

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

− 𝜙

[
 
 
 
 

𝑎 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

+ (1 − 𝑎)min

{
 
 

 
 (∫ 𝛩(ʌ)

𝑢

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

 

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

2

}
 
 

 
 

]
 
 
 
 

≥ 0, 

that is  

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

≥ 𝜙

[
 
 
 
 

𝑎 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

+ (1 − 𝑎)min

{
 
 

 
 (∫ 𝛩(ʌ)

𝑢

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

 

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

2

}
 
 

 
 

]
 
 
 
 

. 

Since 𝛩(ʌ) > ʌ and 𝑎 ∈ [0,1[, we obtain  

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

≥  𝑎 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

+ (1 − 𝑎)min

{
 
 

 
 (∫ 𝛩(ʌ)

𝑢

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

 

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

2

}
 
 

 
 

, 

and  

(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

≥ min {(∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ)

𝑝

, (∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ)

𝑝

2

} . 
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Which implies 

∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ ≥ ∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ. 

So, 𝐹 satisfies (𝜙3) similarly, since 𝜓(ʌ) < ʌ, we show that  

𝐺 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ) ≤ 0 

this implies that 

∫ 𝛩(ʌ)
𝑢

0
𝑑ʌ ≤ ∫ 𝛩(ʌ)

𝑣

0
𝑑ʌ. 

Then 𝐺 satisfies (𝜉3) and since 𝜓(ʌ) < ʌ, we show that  

𝐻 (∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑣

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ,∫ 𝛩(ʌ)
𝑢

0

𝑑ʌ) ≤ 0, 

this implies that  

∫ 𝛩(ʌ)
𝑢

0
𝑑ʌ ≤ ∫ 𝛩(ʌ)

𝑣

0
𝑑ʌ. 

Then 𝐻 satisfies (𝜉3) and by Theorem 4.8, proof is finished. 

If we put 𝑝 =  1, we can give the suitable theorem which derived Theorems 3.1 and 3.2 of (Kumar et al. [14]) 

Theorem 2 of (Aliouche [24]), Theorem 5 of (Popa, 1999), Theorem 3.1 of (Aliouche and Popa [31]) and is an improved 

variant of Theorem 1 of (Aliouche [24]) since, in it, about the range of the maps 𝐴, 𝐵, 𝑆 and 𝑇 there is no hypotheses 

of inclusion and also not required the property (E.A). If in the following theorem, we put 𝛩(𝜏)  =  1 for every 𝜏, we 

obtain an improvement of Theorem 2 of (Aamri & El Moutawakil 2002). 

Theorem 5.4: Assume the NSMS (Ω,𝔙,𝔇, 𝔏,∗,◊) and 𝐴, 𝐵, 𝑆 and 𝑇 be self- mappings of Ω which fulfil the following 

axioms, for every 𝜁 and every 𝜍 ∈  Ω, and every ʌ >  0, 

∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝐵𝜍,ʌ)

0

≥ 𝜙

(

 
 
min

{
 
 

 
 ∫ 𝜙(𝜏)𝑑𝜏

𝔙(𝑆𝜁,𝑇𝜍,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐴𝜁,𝑆𝜁,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝐵𝜍,𝑇𝜍,ʌ)

0

,

∫ 𝜙(𝜏)𝑑𝜏,∫ 𝜙(𝜏)𝑑𝜏
𝔙(𝑆𝜁,𝐵𝜍,ʌ)

0

}
𝔙(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 

)

 
 
, 

∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝐵𝜍,ʌ)

0

≤ 𝜓

(

 
 
max

{
 
 

 
 ∫ 𝜙(𝜏)𝑑𝜏

𝔇(𝑆𝜁,𝑇𝜍,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐴𝜁,𝑆𝜁,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝐵𝜍,𝑇𝜍,ʌ)

0

,

∫ 𝜙(𝜏)𝑑𝜏,∫ 𝜙(𝜏)𝑑𝜏
𝔇(𝑆𝜁,𝐵𝜍,ʌ)

0

}
𝔇(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 

)

 
 
, 

and 

∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝐵𝜍,ʌ)

0

≤ 𝜉

(

 
 
max

{
 
 

 
 ∫ 𝜙(𝜏)𝑑𝜏

𝔏(𝑆𝜁,𝑇𝜍,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐴𝜁,𝑆𝜁,ʌ)

0

, ∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝐵𝜍,𝑇𝜍,ʌ)

0

,

∫ 𝜙(𝜏)𝑑𝜏,∫ 𝜙(𝜏)𝑑𝜏
𝔏(𝑆𝜁,𝐵𝜍,ʌ)

0

}
𝔏(𝐴𝜁,𝑇𝜍,ʌ)

0 )

 
 

)

 
 
, 

where 𝜙,𝜓: 𝑅+ → 𝑅+ satisfy 𝜙(ʌ) > ʌ and 𝜓(ʌ) < ʌ for every ʌ > 0 and 𝜙: 𝑅+ → 𝑅+ is locally integrable function, which 

satisfies ∫ 𝛩(ʌ)𝑑ʌ > 0,
𝜀

𝛿
 for each 0 < 𝛿 <∈. 𝐴, 𝐵, 𝑆 and 𝑇 have a specific common FP in Ω, if pairs (𝐴, 𝑆) and (𝐵, 𝑇) are 

occasionally weakly compatible. 
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Proof: Same as to the preceding theorem by defining mappings 𝐹, 𝐺, 𝐻 ∶  𝑅6 → 𝑅 as 

𝐹(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1 − 𝜙(min{ʌ2, ʌ3, ʌ4, ʌ5, ʌ6}), 

𝐺(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1 − 𝜓(max{ʌ2, ʌ3, ʌ4, ʌ5, ʌ6}), 

and 

𝐻(ʌ1, ʌ2, ʌ3, ʌ4, ʌ5, ʌ6) = ʌ1 − 𝜉(max{ʌ2, ʌ3, ʌ4, ʌ5, ʌ6}). 

As before, we show that 𝐹 and 𝐺 satisfy respectively (𝜙3), (𝜓3)and (𝜉3). And Theorem 4.8 allows us to conclude 

and to finish the proof. 

Now we select 𝛩(𝜏)  =  1 for every 𝜏 > 0 in the preceding theorems and we express by individually 𝐹 and 𝐺 are 

the sets of all continuous functions 𝐹, 𝐺: 𝑅6 → 𝑅 satisfying the following axioms: 

𝐹( 𝑢, 𝑣, 𝑢, 𝑣, 𝑢, 𝑣)  ≥  0, (38) 

or 

𝐹( 𝑢, 𝑣, 𝑣, 𝑢, 𝑣, 𝑢) ≥  0,  (39) 

or 

𝐹( 𝑢, 𝑢, 𝑣, 𝑣, 𝑢, 𝑢) ≥  0.  (40) 

Implies 𝑢 ≥  𝑣, and respectively,  

𝐺 ( 𝑢, 𝑣, 𝑢, 𝑣, 𝑢, 𝑣)  ≤  0,  (41) 

or 

𝐺(𝑢, 𝑣, 𝑣, 𝑢, 𝑣, 𝑢)  ≤  0, (42) 

or 

𝐺 (𝑢, 𝑢, 𝑣, 𝑣, 𝑢, 𝑢)  ≤  0 . (43) 

Implies 𝑢 ≤ 𝑣 and  

𝐻 ( 𝑢, 𝑣, 𝑢, 𝑣, 𝑢, 𝑣)  ≤  0, (44) 

or 

𝐻(𝑢, 𝑣, 𝑣, 𝑢, 𝑣, 𝑢)  ≤  0, (45) 

or 

𝐻 (𝑢, 𝑢, 𝑣, 𝑣, 𝑢, 𝑢)  ≤  0. (46) 

Implies 𝑢 ≤ 𝑣.  

Then, we give following theorems. 

Theorem 5.5: Let (Ω,𝔙,𝔇, 𝔏,∗,◊) be a NSMS for Ω which satisfies (W4), (H.E), (CE.1), (CE.2) and 𝐴, (𝐴𝑖)𝑖∈𝐼 , 𝑆 and 𝑇 be 

self mappings of Ω satisfying 𝐴Ω ⊂  𝑇Ω and 𝐴𝑖Ω ⊆ 𝑆Ω for every 𝑖 ∈ 𝐼 and  



Kamran et al.  Journal of Advances in Applied & Computational Mathematics, 11, 2024 

 

66 

𝐹 (
𝔙(𝐴𝜁, 𝐴𝑖𝜍, ʌ), 𝔙(𝑆𝜁, 𝑇𝜍, ʌ), 𝔙(𝐴𝜁, 𝑆𝜁, ʌ)

𝔙(𝐴𝑖𝜍, 𝑇𝜍, ʌ) , 𝔙(𝐴𝜁, 𝑇𝜍, ʌ), 𝔙(𝑆𝜁, 𝐴𝑖𝜍, ʌ)
) ≥ 0, (47) 

𝐺 (
𝔇(𝐴𝜁, 𝐴𝑖𝜍, ʌ), 𝔇(𝑆𝜁, 𝑇𝜍, ʌ), 𝔇(𝐴𝜁, 𝑆𝜁, ʌ)

𝔇(𝐴𝑖𝜍, 𝑇𝜍, ʌ) , 𝔇(𝐴𝜁, 𝑇𝜍, ʌ), 𝔇(𝑆𝜁, 𝐴𝑖𝜍, ʌ)
) ≤ 0, (48) 

𝐻 (
𝔏(𝐴𝜁, 𝐴𝑖𝜍, ʌ), 𝔏(𝑆𝜁, 𝑇𝜍, ʌ), 𝔏(𝐴𝜁, 𝑆𝜁, ʌ)

𝔏(𝐴𝑖𝜍, 𝑇𝜍, ʌ) , 𝔏(𝐴𝜁, 𝑇𝜍, ʌ), 𝔏(𝑆𝜁, 𝐴𝑖𝜍, ʌ)
) ≤ 0 (49) 

for every 𝜁, every 𝜍 in Ω and every ʌ > 0, where 𝐹 ∈ ℱ, 𝐺 ∈ ℌ and 𝐻 ∈ ℋ. Suppose: 

(I) (𝐴, 𝑆) or, for all 𝑖, ( 𝐴𝑖 , 𝑇) satisfies assumptions (E.A), 

(II) (𝐴, 𝑆) and for some 𝑘 ∈ 𝐼, (𝐴𝑘, 𝑇) are weakly compatible. 

Whenever one of the subspaces 𝐴Ω, 𝑆Ω, 𝐴𝑖Ω and 𝑇Ω of Ω is closed, then 𝐴, 𝑆, 𝑇 and 𝐴𝑖, for all 𝑖 ∈ 𝐼, have a unique 

common FP in Ω. 

Theorem 5.6: Suppose (Ω, 𝔙,𝔇, 𝔏,∗,◊) be a NSMS. Let 𝐹, 𝐺, 𝐻: 𝑅+
6  →  𝑅 satisfying (40), (43), and (46) respectively 

and (𝐴𝑖)𝑖∈𝐼, the self-mappings of Ω is 𝑆 and 𝑇 which satisfy (47), (48), and (49) respectively and fulfill the conditions 

which are given below: 

(I) for some 𝑘 ∈ 𝐼, ( 𝐴𝑘, 𝑆) is pair which is sometimes weakly compatible, 

(II) there exists 𝑣 ∈ ⋂𝑖 ∈ 𝐼 𝐶(𝐴𝑖 , 𝑇)  such that 𝐴𝑖𝑇𝑣 = 𝑇𝐴𝑖𝑣 for all 𝑖 ≠  𝑘, 

where 𝐶(𝐴𝑖 , 𝑇) is the set of points of coincidence of 𝐴𝑖  and 𝑇. Then 𝐴, 𝑆, 𝑇 and 𝐴𝑖  , for all 𝑖 ∈ 𝐼, have a unique common 

FP in Ω. 

For four applications with its specific case, the consecutive theorems, we have improved Theorems 2.1 and 2.2 

of (Aamri and El Moutawakil [27]), Theorem 2.8 of (Merghadi and Godet-Thobie [25]) and Theorem 4.1 of (Pathak et 

al. [29]) among others. 

Theorem 5.7: Suppose (Ω, 𝔙,𝔇, 𝔏,∗,◊ ) be a NSMS and 𝐴, 𝐵, 𝑆 and 𝑇 be sel-mappings of Ω satisfying, for all 𝜁 and 𝜍 

in Ω and every ʌ >  0, 

𝐹 (
𝔙(𝐴𝜁, 𝐵𝜍, ʌ), 𝔙(𝑆𝜁, 𝑇𝜍, ʌ), 𝔙(𝐴𝜁, 𝑆𝜁, ʌ)

𝔙(𝐵𝜍, 𝑇𝜍, ʌ) , 𝔙(𝐴𝜁, 𝑇𝜍, ʌ), 𝔙(𝑆𝜁, 𝐵𝜍, ʌ)
) ≥ 0, 

𝐺 (
𝔇(𝐴𝜁, 𝐵𝜍, ʌ), 𝔇(𝑆𝜁, 𝑇𝜍, ʌ), 𝔇(𝐴𝜁, 𝑆𝜁, ʌ)

𝔇(𝐵𝜍, 𝑇𝜍, ʌ) , 𝔇(𝐴𝜁, 𝑇𝜍, ʌ), 𝔇(𝑆𝜁, 𝐵𝜍, ʌ)
) ≤ 0, 

𝐻 (
𝔏(𝐴𝜁, 𝐵𝜍, ʌ), 𝔏(𝑆𝜁, 𝑇𝜍, ʌ), 𝔏(𝐴𝜁, 𝑆𝜁, ʌ)

𝔏(𝐵𝜍, 𝑇𝜍, ʌ) , 𝔏(𝐴𝜁, 𝑇𝜍, ʌ), 𝔏(𝑆𝜁, 𝐵𝜍, ʌ)
) ≤ 0, 

where 𝐹, 𝐺, 𝐻: 𝑅+
6 →  𝑅 satisfies (40), (43), and (46) respectively. 𝐴, 𝐵, 𝑆 and 𝑇 have a unique common FP in case of 

(𝐴, 𝑆) and (𝐵, 𝑇) are occasionally weakly compatible. 

6. Conclusion 

In this manuscript, the authors introduced the concept of NSMSs and proved several common fixed point results 

for four mappings by utilizing the locally integrable function and occasionally weakly compatible mappings. These 

results generalized several fixed point results presented in [4, 7, 12, 14, 17, 24-27, 29-31, 33]. To show the validity of 

these results, the authors provided some non-trivial examples. This work can be extended in the framework of more 

generalized spaces and by increasing the number of mappings.  
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