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1. Introduction and Preliminaries

The study of partial differential equations (PDEs) requires a precise and robust analytical framework, especially
when addressing problems in domains with complex geometries or involving low-regularity data [1, 2]. Operator
theory has become an indispensable tool in this context, offering a systematic way to formulate and analyze PDEs
in abstract functional spaces. By representing differential equations as operator equations in suitable Banach
spaces, we can use the well known spectral theory and interpolation techniques to establish existence, uniqueness,
and regularity results [3-6].

A particularly effective aspect of this approach is the sum’s operators theory. This method is especially valuable
when dealing with elliptic or parabolic operators. Classical results, such as those of Kato and Lions, provide criteria
under which the sum of sectorial or accretive operators generates an analytic semigroup, ensuring well-posedness
even under challenging conditions.

This abstract framework proves especially powerful when studying PDEs in little Holder spaces, which consist of
functions whose derivatives satisfy uniform Hélder continuity with a given exponent [7-9]. Such spaces are natural
settings for boundary value problems with Hélder continuous coefficients or data, which frequently arise in physical
models featuring material heterogeneities or non-smooth forcing terms. The efficiency of this abstract operator-
theoretic approach lies in its generality and adaptability, the operator-sum framework provides a unified
methodology that can handle a wide kinds of problems. It allows us to interplay between geometryof the domain,
boundary conditions and the regularity of coefficients. In this way, operator theory—particularly the sum of closed
linear operators approach combined with the analysis in little Holder spaces, represents a highly effective strategy
for studying PDEs on nonsmooth domains. It bridges the gap between abstract functional analysis and concrete
applications, providing powerful tools to rigorously address complex real-world problems.

1.1. Basics of da Prato-Grisvard Theory

Let X be a complex Banach space and let M, N be two closed linear operators on X with domains Dom(M),
Dom(N). Let S be the operator defined by

{ Su:= Mu + Nu, (1.1)

u € Dom(S): = Dom(N) n Dom(M),
where M and N verify the assumptions

Dp(N)2¥y ={wlul =7 |Arg(w)| < m— ey},

_ 1
veeYy NN —uD iy =0 (m)

ipM) 2%y  ={wlul =7 |Argw)| <m— ey},
(H.1)

ViETy M =) Mg = 0 ().

iii)ey + ey < .

iv)Dom(N) + Dom(M) = X
and
Vi, € p(N),Vu, € p(M)
(H.2)S (N =y DT M = pp D™ = (M = pp,DTHN = D71
=[N =DM —p,DD7'] =0,
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where p(N) and p(M) are the resolvent sets of N and M. Before stating the main result from [3], we recall the

following notion:

Definition 1.1 The interpolation spaces Dy (p), p € 10,1[ are defined as follows

D, (p)= {g eX: lim, N - r1)*1§HX = 0},

For more details about these spaces [10-12]. We have the following;:

Theorem 1.2 Let p € ]0,1[. Assume (H.1), (H.2) and f € Dy(p). Then, the problem

Nu+ Mu = f,
has a unique strict solution
u € Dom(N) N Dom(M).

given by

u= —Lfy M+ )~ '(N = )~ fdp,

2im

where y is a sectorial curve lyingin (Xy )N (X_y ) oriented from coe*i to ooe~ with g, < 8, < m — &y.

Moreover, one has

Nu, Mu € Dy (p).

2. Position of Problem

Le 2, € R? be truncated plane sector defined by

No:={(rcosB,rsinf) e R>r e R*,0< 0 < w},

where w # m and w < 2rm. We assume that
0=l ur,
where
Iy ={(,0),r €R"}
and
I ={(rcosw,rsinw):r € R*}.
In 2,, we consider the following elliptic system of n equations:
Au; = f;, i=12,...,n,
associated with the following boundary conditions
Uilpur, =0 i=12,...,n,

where

L E h?°(2),0<2a <1, i=12,...

74

(2.1)

(2.2)



Abstract Dirichlet Problem for Elliptic System on Corner Domain Chaouchi et al.

here, the little Holder space h?*(0,) is defined by

r,0)—o(r .0
P (Q,) =10 e C*(Q,):lim sup ‘w( )9 )‘:

920 6ep(r—) 90 )P<5 H(r —r,0— 49') B
The vector space h**(£,) endowed with norm
(D(V,H)—(D(V,,H,)
lell= sup |p(r,0)+ sup ‘ Za‘ , el (Q,),

(r.0)e0, 0<P(r—r ,0-0')P<§ H(r —r,0-0 )H

is a complex Banach space.

The application of the system (2.1)-(2.2) is frequently encountered across various fields. For a deeper
understanding, the reader is encouraged to consult the following articles, [13] and [14]. At this level, we mention
that the solvability of system (2.1)-(2.2) is discussed by using an abstract point of view; cf. also [8, 15-21]. The
techniques used here are essentially based on the theory of the sum of linear operators in Banach spaces developed
by da Prato and Grisvard in [3]. The choice of such techniques is justified by the fact that this kind of technique
ensures the existence and uniqueness of solution for the considered problem as well as the maximum regularity
properties of solutions.

First of all, using the polar coordinates we can simply show that the system (2.1) becomes
02u;(r,0) — ~0,1,(r, 0) + 5 0w, (r,0) = £i(r,0), i=12,...,n. (2.3)
Multiplying (2.3) by r2, we obtain
(r8,)%u;(r, 0) + 93u;(r,0) = r%fi(r,0), i=1.2,...,n
Using the natural change of variable
r = etandra, = 9,,
the sector @, is transformed into the infinite strip
N={r0):reR0<0<w}
while Iy and I are transformed into
I ={t0):teR}
and
I ={(t,w):t € R}.
In new coordinatees, the equation (2.3) is equivalent with
(0% + 02)u; = e?f;, i=12,...,n (2.4)
Let us introduce now the following change of functions

v;(t,0): = e~ @+Dty, (et 9), i=12,...,n (2.5)
gi(t,0):= e~ %f;(et,0), i=12,...,n )

and let us set m:= 2 + a. Then, (2.4) is written in 2 as follows
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05v;(t,0) + (9, + m)?v;(t,0) = g;(t,0), i=12,....n; (2.6)
we accommpany the equation (2.6) with following boundary conditions:
v;(t,0) =0, v;(t,w)=0, i=12,...,n (2.7)
By [15, Proposition 7], we have:

Lemma 2.1 Let « € (0,1). Then, f; € h?*(Q,) © g; € R**(2),i =1,2,...,n.

3. Study of Problem (2.6)

In this section, which is divided into two separate subsections, we thoroughly analyze the problem (??).

3.1. The Abstract Formulation of Problem (2.6)

Let
E:=hi*(R):= {p € h**(R): 9(0) = 0},

and let us consider the Banach space
X = h**([0, w]; E).

The main aim of this section is to clarify the abstract version of problem (2.6).
In the first step, we introduce the folowing vectorial functions:

v;:[0,w] = E; 8 - v;(6); v;(0)(t) =v;(0,¢), i=12,...,n,
9::[0,w] = E; 0 - gi(6);  g:(0)(t) = g:(6,0), i=12,...,n

and consider the following closed operators

{Dom(D): = {p € W*P(R) n C?(R): ¢(0) = 0}, (3.1)
D) (t):= ¢" () +2m’(t) + m?; '
(Pom(:= tp € W20, 0] ) 0 (10 X:u(®) = u(w) = 0) 3.2)
(AP)(0):=9"(8), 6€0,w]; :
{Dom(B): ={yY € X:y(0) € Dom(D), 0 €[0,w]} (3.3)
(BY)(0):=D(¥(0)), 0€[0,w]. '
A new version of problem (2.6) is then given by
AV(0) + BV (0) = G(9), (3.4)
where
A 0
A=|: -~
0 A (3.5)
Dom(A) =® Dom(4),
and
B 0
B=|: -
0 B (3.6)
\Dom(B) =® Dom(B),
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while
v;(6)

vn(6)

91'(9)

V(o) = [ :
gn(0)

l,G(ﬁ’)=

We assume that V(6) and G(6) are two vector-valued functions defined on the space
X:= h?¢([0,w]; E) X h?%([0, w]; E) X...x h**([0,w]; E),0 < 2a < 1,

endowed with the following norm

Pl = (I e

3.2. On the Spectral Properties of the Operators 4 and B

First, let us state some useful results concerning the operator A defined by (3.2):
Lemma 3.1 There exists ¢, > 0 such that
p(A) 2%, ={21A =7 |ArgD)| < — &4}

and

1

1A =AD" ey =0 (), A€Xa - (37)

Proof. The proof is purely technical and, because of that, we will present the highlights, only. First of all, we will
solve explicitly the equation

v'"(0) — Av(8) = p(0)
{ v(0) = v(w) = 0. (3.8)

For 1 € C\R_ the unique solution v of (3.8) is given by

1

v(@) =(A-DT"0@) = [;  K;700,5)9(s)ds,

where
sinhﬁ(w.—e) sinhﬂs’ ifo<s<a,
K (6,5): = VA sinh wVa
Vazy sinh VA(w—-s) sinh V20 ifo < s <
VA sinh wVa ’ =ss .

Concerning the estimate (3.7), observe that for 0 < 8’ < 8 < w, one has
A-D""0O) - (A-D""e")
=L+, +1,

where

A (sinhﬁ(w—@)—sinh ﬁ(w—e')) sinh Vs
h T J‘0 < VAsinh wV2 b(s)ds,
L sinh VA(w—06) sinhVAs—sinh VA(w-s) sinh V16
L = fG’ ( VAsinh wVi )¢(S)d$,
._ 1 sinhVA(w=s) (sinhVA6—sinhV20')
I T fG VAsinh V2 ¢ (s)ds.
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By adapting the same techniques as in [22] and [23], we obtain that

1 .
||1j||h2a([0,w]);X) =0 (m); ] = 1,2,3,

which implies that
_ 1
[1(A = AD) 1”hZ”‘([O.w]);X) =0 (m)

On the other hand, by using a classical argument of analytic continuation of the resolvent, we deduce that there
exists g4 € 10, [ such that the previous estimate holds true in the sector

Ya = =2rlArgQ)| <m— g4}
This completes the proof of result.
Concerning the operator B, it is necessary to emphasize that it has the same properties as its realization D:
Lemma 3.2 There exists ¢, > 0 such that
p(B)23¥p ={A1A =71 |Arg(D)| < — &5}
and
1B =DMl = 0 (), A€ - (3.9)
Proof. We have D = P(C), where P is the polynomial
P(z) = z? + 2mz + m? = (z + m)>.
Using the spectral mapping theorem, we easely deduce that there exists ¢z € ]10,7/2[ such that
p(D)2%s ={AA =m? |Arg(D)| <1 — ep}.
On the other hand, for all given complex numbers in this sector, the equation
P(z) =21
has exactly two complex roots
zy=—-m= V2,
which implies that
D-2D)1t=(C-2z)Y(C—-z)
Furthermore, we know that ¢(C) = iR and

— f:m et (s, 0)dsifRu < 0,
[(C+uD7'¢lEt,s) =
f_too ett=9 ¢ (s, o)dsifRu > 0,
from which we easily obtain the estimate
. — 1
Vi @ iR IC + 1Dl grege, ) = 0 (i);

which implies that
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1D = AD ey, = 0 (Gsa)
Remark 3.3 Here, it is important to note the following facts:
1. A and B are densely defined on X, for more details see Corollary 2.2.3 in [24].
2. A and B commute. More precisely, for all u; € p(4),Vu, € p(B), one has
A= DB = D™ = (B = pp DA -y D7

3. From Theorem 3.1.12 in [24], we know that

Dy(a) = h?*([0,w]; E),0 < 2a < 1.

Exploiting all previous results, we are able to state the following spectral properties of the matrix differential
operators A and B:

Lemma 3.4 The closed linear operators A and B defined respectively by (3.5) and (3.6) satisfy the following
properties:

1.3, > 0:p(A) 22X, ={1|A =1 |Arg(D)| <m—¢g,4} and

1

14 =AD" ey = 0 (), A€ 2

2.3 > 0:p(A) 232, ={A|A =21, |Arg(D)| < m — &5}

1

1B =AD"l = 0(5), A€ X

Keeping in mind suitable values of angles ¢, and ¢, Theorem 1.2 allows us to state our main result concerning
the matrix differential equation (3.4):

Theorem 3.5 Let 4 and B be two operators defined respectively by by (3.5) and (3.6). Then, the problem (3.4) has
a unique strict solution

V € Dom(A) Nn Dom(B),
which is given by
Vi= —ﬁfy A+mwW™(B -w'Gdy,
where y is a sectorial curve lyingin (£, )n(E_p ) oriented from coe*i to ooe~ with g, < 8, < T — &y.
Moreover, we have
AV, BV € D,(a).

For more details and also concret examples about these interplation spaces, we refer the reader to [3, 11, 24].
We refrer the reader also to [25-29]. Applying these results to our concrete problem (2.6)-(2.7), we obtain:

Theorem 3.6 Let (g,(6,0),...,9,(6,1)) €®Q h*([0, w]; R (R)) with a € (0,1). Then, under conditions (2.7), Problem
(2.6) has a unique strict solution

(v106,0),...,v,(6,0)) €R C2([0, w]; h§(R))

such that
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(03018, 0),..., 03v,(8,6)) €® C(10, w]; hE(R))
and
(02v1(6,1),...,08v,(6,0)) €Q C%([0, w]; h§ (R)).
Finally, we state the main result of this paper:

Theorem 3.7 Let (f,,..., f,) €RQ h**([0, w]; R3%(R,)), 0 < 2a < 1. Then, under conditions (2.2), Problem (2.1) has a
unique strict solution

(Uy,..., uy) €® C*([0, w]; K3*(RL)),
such that
@8-, 931n) €® C2([0, w]; hE*(R,))
and

(0Fuy, .., 0%uy,) €Q C*([0, w]; hR3*(RL)).
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