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ABSTRACT

This work ahead deals with the impact of magnetic field dependent viscosity
(MFDV) on natural convection heat transfer of Ag - MgO (50%-50%) water hybrid
nanoliquid. The considered thermal system is a wavy-walled cavity with heat
source placed at bottom wall. The governing equations (Navier-Stokes equations)
constituting streamfunction (y)- vorticity (¢) formulation with energy equation are
solved by adopting a compact finite difference fourth order scheme. Meanwhile,
the flow domain which is influenced by several factors including Hartmann
number (10 < Ha < 50), hybrid nanoparticles volume fraction (0 < ¢y, < 0.02),
Rayleigh number (10* < Ra < 10°), orientation angle of magnetic field (0° <y <
90°), magnetic number (0 < §, < 1), different configurations (Configuration-l and
Configuration-Il) and internal heat generation or absorption (-5<Q <5) is
analyzed generously. Experimentally based correlations for thermal conductivity
and dynamic viscosity have been used throughout the study. The objective of this
study is to design a thermal system with better thermal performance. The results
are analyzed through streamlines and isotherms contour plots and average
Nusselt numbers. The fluid flow and heat transfer are significantly influenced by
buoyancy force, heat generation/absorption coefficient The outcomes show that
the geometric parameters can be used as an excellent controller of the thermal
performance inside the wavy chamber.
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1. Introduction

The enhancement of convective heat transfer in thermal systems represents a pivotal research area due to its
extensive applications across various scientific and industrial domains [1-6]. In particular, natural convection
within complex geometries presents significant challenges and opportunities for performance improvement. Over
recent decades, the utilization of advanced working fluids has emerged as a prominent strategy for augmenting
thermal transport capabilities [7-12]. Among these, nanofluids—engineered suspensions of nanoscale particles
(1—100 nm) in conventional base fluids—have demonstrated remarkable potential for heat transfer enhancement
[13, 14], attracting considerable research interest into their behavior in diverse configurations.

Beyond the fluid medium itself, the geometry of the enclosure is a critical factor influencing convective
performance. In this context, wavy-walled cavities have attracted considerable attention due to their ability to
modify flow patterns and thermal fields, thereby influencing heat transfer rates [15-17]. The corrugations of such
walls can disrupt boundary layer development and enhance fluid mixing, which is highly relevant for applications
like solar collectors [18, 19], electronic cooling systems [20], and automotive radiators [21]. The interplay between
the complex geometry and the fluid dynamics underscores the need for a deeper understanding of these systems.

Parallel to advancements in geometry, the evolution of the working fluids has progressed significantly. While
unitary nanofluids containing a single type of nanoparticle have shown promising results [22, 23], recent focus has
shifted toward hybrid nanofluids. These fluids, which combine multiple nanomaterials, leverage synergistic effects
to achieve superior thermal characteristics and improved heat transfer performance compared to their mono-
variant counterparts [24, 25]. Comprehensive reviews by researchers including Sarkar et al. [26] and Tyagi et al.
[27] have extensively documented the potential of these hybrid systems in pushing the boundaries of thermal
management.

To further control and optimize thermal performance within such systems, the strategic placement of heat
sources and the application of external fields have been explored. The presence of localized heating, for instance,
introduces another layer of complexity; studies by Mohebbi et al. [28] and Chamkha et al. [29] have demonstrated
that heater positioning is a decisive factor for thermal performance. Complementing this, external magnetic fields
offer a powerful tool for actively modulating transport phenomena [30, 31]. Research into magnetohydrodynamic
(MHD) effects on nanofluids [32, 33] has revealed that Lorentz forces can effectively suppress or guide convection
currents, providing a means to control heat transfer rates. Additional phenomena such as thermal radiation [34]
and the presence of porous media [35] further enrich this complex interplay, creating a multi-faceted problem.

Despite these extensive investigations, a synergistic analysis combining wavy boundaries, hybrid nanofluids,
and strategic localized heating remains relatively unexplored. Previous studies have often focused on these
aspects in isolation, leaving a gap in understanding their combined effect on thermal performance. Therefore, the
present work aims to address this gap by numerically investigating the convective heat transfer performance of a
hybrid nanofluid within a wavy-walled enclosure subjected to localized heating. This study systematically
examines various heater configurations to identify optimal arrangements for maximizing heat transfer
enhancement. The findings are expected to provide valuable insights for the design of more efficient and compact
thermal systems in advanced engineering applications.

2. Mathematical Modeling Procedure

This section presents the tri-hybrid nanofluid correlations that are taken into consideration as well as the
mathematical formulation of the topic under consideration. Different subsections additionally include the
governing equations, boundary conditions, and quantitative thermal activity measurement for the current
situation.

2.1. Problem Statement

The problem under consideration is described in the two-dimensional (2D) physical domain in Fig. (1).
Furthermore, Fig. (1) displays a perspective of the grid that is used to discretize the computing domain. A distorted
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cavity in nature with a characteristic length L is represented by the geometry with wavy walls. The following
transformation functions have been used to convert the physical domain into a computation square domain in
order to address the current distorted cavity:

X =¢&[1—- A1 — cos(drn) — A(1 — cos(drn)] + A(1 — cos(dmn)) (M
Y=n (2)
_ X-A+Acos(dmy)
¢ = 1-2A+2Acos(dnY) (3)
n=Y 4)
Configuration-I Configuration-I1
(a) U=v=0 U=v=0
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Figure 1: (a) Schematic diagram of the physical model and (b) the grid distribution considered for the physical domain. Two
configurations (Configuration-l and Configuration-Il) have been considered depending on the undulation of the vertical walls.
All four boundaries are at rest, the vertical walls are kept at cold temperature compare to the heater placed at bottom
boundary. Top wall is adiabatic.

Where, the parameters that govern the geometric characteristics, including the wavy contraction ratio and the
vertical walls undulation, are A = 0.05, and d. d = 2 forms single undulation and to construct double undulation
we condider d = 4. The domain of interest is filled with Ag-MgO (50% — 50%) water hybrid nanoliquid. In addition,
two different configurations (Configuration-I - Configuration-Il) have been considered depending on the number of
wall undulation of the system. A localized uniform heat source of length % is placed on bottom wall. The applied
thermal boundary conditions on the vertical walls form temperature gradient within the cavity which is orthogonal
to the direction of gravity. On the other hand the temperature gradient is along the direction of gravity for the
heater placed on the bottom wall. Consequently, the arrangement of different undulation and the subsequent
configuration are being portrayed in Fig. (1). The heater is maintained at a constant temperature Ty, higher than
the temperature T, (T, < Tj,) on the cold sinusoidal walls. Moreover, the non heating locations of the bottom wall is
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maintained in cold temperature T,. The flow convection is a natural type and is induced by the temperature
gradient between the heated walls and the cold deformed walls. All four boundaries are kept in rest by assuming
conditions that the velocity components (u, v) are to be zero. An external uniform magnetic field vector B =
(B, By) with fixed amplitude B0 is affected in the cavity. The imposed magnetic field makes an orientation y with

the axis x such thaty = cot™ (g—") The present analysis is based on the unsteady, single-phase, Newtonian,
y

laminar, incompressible hybrid nanofluid model with constant thermo-physical properties.
2.2. Governing Equations in Usual Form
The flow physics is modeled mathematically through the following governing equations [36];
Continuity:
Oxu + 0,v =0, (5)

X momentum:

_ 1 Nhnf
(udeu + vo,u) = — maxp + o [Oxxtt + 0y u] (6)
+ 2 B2 (ysinycosy — usin?y),
Phnf
y momentum:
_ 1 Nhnf
(uaxv + vayv) = - @ayp + prons [OxxV + 0, V] (7)

+ ;gﬂhnf(T -T,)+ MB& (usinycosy — vcos?y),
Phnf Phnf

Energy:

Q
UOT + V0, T = Qg [T + Oy T + 2 (T = T,) 8)

In the momentum equations (6-7), N = Menp (1 + 5 - B). The variation coefficient of viscosity & has been taken
to be isotropic, 8, = 8, = 6*. A uniform magnetic field B, acts along the inclined direction y with respect to
horizontal axis.

2.3. Mathematical Formulation through Non-dimensional Form

These Egs. (5)-(8) are transformed into non-dimensional view by applying the following parameters [36] P =
y
LI

12 L L T-T, L? af L3ar ’
14 x U=Z_,V:v_’9: C’Q:QO_IEC—ifP‘r:v_f,Razgﬁf—’HazBoL :—f’80=BO6*
f f f

—, X ==Y = ) '
prag L L (Cp)f(Th_TC) ar apvy

and are formulated as follows [36]:

au | av

0_X+6_Y_ 0, (9)
U LU _ __Pr 0P Vhns ; 2

Uax + Vay = T o 0X + ” Pr[1 + &y (cosy + siny)|V-U + (10)

O'h_nfp_fHaZPr(Vsin(y)COS(y) — Usin?(y)),
Of Phnf

av pf 9P

v Yhng i 2
Uax + Vay = T omror + v Pr[1 + 8y(cosy + siny)]V<V 11
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Lr OBt papre +oh"f pf Ha Pr(U)sin(y)cos(y) — Vcos?(y)).

Prny (PB)f

a0 a0 khnf (Pcp)f 2 (Pcp)f
UZ V2 = hnf _Poelf —=2L g

ax ay kf (pCp)hng Q (pepdnnf

2.4. Streamfunction-Vorticity-Energy Equations in X — Y Plane
Streamfunction [36]:
Vz¢ = —f'
Vorticity:
_ Yhnt i 2 2Ly
v Pr[1 + §y(cosy + siny)|V={ + Uax + VaY =

(PB)hng Pr R PT‘@

hnfPf 2
+——Ha*Pr
(PB)f Phnf ox

Phnfof

(sm(y)cos(y) (ﬁ - —) + sin (y) — —cos?(y) Z_Z)x
Energy:

V— — Khnf (Pcp)f 72

a0 (Pcp)f
U— ———0
X ay kf (pcp)hnf Q

(Pcp)hnf

2.5. Streamlines-Vorticity-Energy Equations in { — n Plane

Streamfunction :

XB+YZ 0%y XyXet¥pYe 02y | XEHVE g2y [Ynyfn‘yfynn”nxfn‘xfxnn
2 0g J? 0§ on 2 on? J?
(67 +X0)] e~ In (Yl +XeXn), 0 | Ve¥en—YyYee+XeXen—XnXee
- 124
I3 23 J?
]S(Y,,y§+xnxf)—(xg+y§)1,, o
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X X +Y’3? X X.+YY,
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Ve J: o J o&on
X +Y2 a §+( én YYW+XIIX;II X X
J2 on’ J?
_(Y,f+X,f)J§—Jq(YgY,7+X5Xq))a§ o -V Y+ XX, -X X,
J? o& J?
_JAYJ;-+XVX5>—<X§+Y;>Jﬂ)a£]+U1 y % _y o
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2.6. Boundary Specifications

The imposed boundary conditions strongly influence the convective flow and heat transfer behavior. For better
clarity, the dimensional and corresponding non-dimensional boundary conditions are presented in a parallel
tabular form in Table 1.

2.6.1. Dimensional and Non-dimensional Boundary Conditions

Table 1: Dimensional and non-dimensional boundary conditions.

Boundary

Dimensional Form

Non-dimensional Form

Left wall (x = 0)

u=v=0T=T,

U=V=06=0

Right wall (x = L)

u=v=0T=T,

U=V=06=0

Topwall (y =L)

T-o

u=v=0 =
e

u=v=02=9
ay

Bottom wall (y = 0)

u=v=0,

U=v=0,

T=T,forz<sx<¥, o=1forz<x<

oLla

T=Tforosx<ZuZ<x<lL g=0foro<x<iui<x<i1

5
6

=)

2.6.2. Streamfunction-vorticity Boundary Conditions

The boundary conditions for streamfunction (y) and vorticity (¢) in the computational (¢,1) plane are written as

Y =0, 0<é<1,0<n<1,

__ %y _ _
(== atp=0andn =1, (19)
%y
(:_W’ até =0andé¢ =1.

The no-slip condition at all solid walls is enforced by prescribing ¥ = 0, while the corresponding wall vorticity is
obtained from the second derivatives of the streamfunction. Since the present study employs a higher-order
compact (HOC) finite difference scheme, special care is taken in evaluating these derivatives near the boundaries.
In this context, the readers are referred to the works of [40, 41] for detailed formulations of the higher-order
compact (HOC) scheme and its boundary implementations.

2.7. Chemo-physical Properties of Nanoliquids and Hybrid Nanoliquids

The effective characteristics of nanoliquid and hybrid nanofluid are associated with the host liquid (water) and
Ag-MgO solid hybrid particles. Ag-MgO nanoparticle pair is a combination of a noble metal and a ceramic oxide.
Silver (Ag) has very high thermal conductivity, on the other hand Magnesium oxide (MgO) adds thermal stability
and dispersion support. Various chemico-physical properties of water and hybrid nanofluid are portrayed in Table
2. Theoretical correlations for the formulation of the nanofluid and hybrid nanoliquid properties [37, 38] are
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portrayed in Table 3. On the other hand, Table 4 summarizes the experimental based correlations of heat
conductivity and viscosity for the hybrid-nanoliquid [39]. The variations of thermo-physical properties are
assumed to be negligible with respect the temperature. The composed liquid is electrically conductive subject to
the assumptions of no chemical reaction, negligible thermal radiation, no slippage between water molecule and
composite particles and low viscus dissipation effects. There is a negligible effect of induced magnetic field due to

the motion of electrically conducting hybrid nanofluid compared to the imposed external magnetic field.

Table 2: Physicochemical characteristics of host liquid, Ag and MgO nano-size particles [46, 47].

Property Host Liquid (Water) Ag MgO
p (Kg-m=3) 977.1 10,490 3560
1 (Pa-s) 8.55x 107* - -
cp (J-Kg—1-K-1) 4179 235 955
k (W-m-1-K-1) 0.613 429 45
a(m2-s—1) 1.47 x 1077 - -
B %1075 (K-1) 21 1.89 1.05
o (2m)—1 0.05 6.30x 107 1.42x 1073
Pr (: Z_g) 5.95 - -

Table 3: Theoretical correlations for the formulation of hybrid nanofluids properties [37, 38].

Nanofluid Properties

Hybrid Nanofluids Model

Density

Phnf = a- whnp)pf + PagPag t PmgoPmgo

Heat capacitance

(pcp)hnf =(1- whnp)(pcp)f + Pag (pcp)Ag + (ngo(pCp)Mgo

Thermal diffusivity

khnf

(almf) - (pcp)hnf

Buoyancy coefficient

OB ang = (A = Qrap) (B s + Pag(PB) ag + Prgo PP mgo

Effective viscosity

3 PAagIAgHPMgOTMgO
. . Uhnf of (phnp
Electrical conductivity =
Of ((PAgo'Ag‘HPMgOO'MgO + 2) _ (<PAgJAg+¢MgoUMgo -0 )
TfPhnp of hnp
Qagkag+e. k
ks Ag Ag(ph:lgo Mgo 2ks + 2(Pagkag + Pugokmgo) — 20k
Effective Thermal conductivity = (pAgkAgH;’MgokMgo
s P + 2ks — (Qagkag + Ougokmgo) + ks
Hnns

Py =(1- whnp)_z'sJ where Phnp = Pag T Pumgo

Table 4: Experimental based correlations for effective thermal conductivity and effective viscosity hybrid nanofluids

[391].

Nanofluid Properties

Hybrid Nanofluids Model

Effective Thermal conductivity

Ring 0.1747 X 10° + @y
ke~ \0.1747 X 105 — 0.1498 X 106y, + 0.1117 X 1072, + 0.1997 x 103¢p3,

0 < Ppnp < 3.0

Effective viscosity

Hnr gy 32.795@pnp — 721492, + 71460093,,, — 0.1941 x 10%¢},,,

54

0< @ppp <20
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2.8. Heat Transfer Activity

The thermal performance, which is a key concern for convective flows that must be observed in care to
improve the efficiency of any thermal system. In transport dynamics, it is measure by a nondimensional
parameter called Nusselt number. In this work, the average Nusselt number evaluated for localized heating in
bottom boundary (Nu)is given by:

_ | Nupcax

The corresponding expression of Eqn. (20) in & — n plane takes the form as:

Nu = Lmectt (21)

3. Numerical Procedure

This section presents the description of the methodology which has been applied for the present simulation
and the corresponding validations. At the beginning of this numerical simulation, we have transformed the non-
dimensional governing Eqgns. (16 - 18), from the physical X -Y plane to the computational ¢ - plane by using the
functions given in Egns. (1) and (2). The expression of the essential operators to carry out the transformation from
physical plane to computational plane are as follows:

5 =3lG G - GG 22)
=116 ) - G Gl @)

2 1 [
axz |2

(0y)2 a2 9 0¥y a2 (63/)2 a2
an/ 0&2 an 9& & an &) on?
dy 9%y 8 0dyd*y d 0y d’y 4 ayodiy a
G0ty 0 oydyo oy %y 0 0yd’y o, (24)
ono&ano¢  0&on?0a§ 9§ agoanon  On 9&2 an
(ﬂ)zyg_a_w;yg (f’_Y)zMi]
on/ 0§ 0§ 9§ an on 9§ &) om on”’

21y (%)Zi_za_xa_x o? +(6_x)2£
ay? ]2 on/ o0& on 0§ 9¢ an 9§/ on?
9x 9%°x 8 9xd*x @ | 9x 9%x i_a_xaz_xi] (25)
omoaganag 9§ am2 0§ 9§ asanan  In g an
_ L (a_x)zmz_a_xa_xmz+ (a_x)ZMi
113 on/ 09§ 0§ 0§ om on 9§ g/ on an”’

1
|]|3[

92 1 [ oy dx 92 (6y6x 6y6x) 92 dy dx 0?2

oxay ~ |J2 an on 92 anag = a&on/ agon - 9§ 9§ an?
1,0y 8*x 9y d*x | 9x 92 ax 0%y, @

PR mdx oy 20t 0 26)
2\on 082 0fan? | onogz  of an?’ 9

1,0y 0%x dy 0%x ox 9%y  ox 3%y . @

2Ggocan “amocan T azaron  omazen) anY

where, ] = XY, — X, Y is the Jacobian of the coordinate transformation. Using these operators the Egns. (22 - 26)
can be expressed as:

92 22 %3

0d
Yo T

P 20® =~
6§6n+bﬁ+ca_f+da+pd)_f' (27)

where the coefficients a, g, b, ¢, d and p are the transformed form of the corresponding coefficients in physical
plane and f is the transformed part of the source function in the computational plane. It is mentioned here that
@, ; (@ stands for y,¢ and 8) denotes the approximate value of the function ¢ at a mesh point (¢;,7;). In this
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context, the readers are referred to the works of [40, 41] for detail formulations of the higher order compact
(HOC) scheme.

Using Taylors series approximation
2
(@)1 = (8501 — = 620¢,,) + O(h*). (28)

Y 4
(@) = (6401) — = 620y,,) + O(*). (29)

Furthermore, the nonlinearity of the governing equations as well as the curvilinear domain leads us to make
use of BiCGStab [42] method to solve the obtained discretized system of algebraic equations. The convergence
criterion for the steady state solution is specified as:

max |)(L.("]/.+1) _Xi(,]]/')l < 0.5%x107°, (30)

where, )(i(’]'.“) and )(i(’]’.) indicate numerical values of ¥, ;, {;; or 6;; at consecutive outer iterations. The entire

strategy can be accomplished in the algorithm given as follows:
1. n -th iteration step:
2. Initialize ¥, 7,0, U,V, Yy, ¥y, {x, {y, By, Oy, Uy, Uy, Vy and V.
3. (n + 1) -th iteration step:
4, Solve Eqgs. (28) and (29) for 8y, 8y, {x, {y, ¥x, ¥y, Ux, Uy, Vx @and V;, using 1(a).
The entire computation has been carried out using an in-house code which has been written in our lab using C

programming language. Typically the CPU computation time required in PC with Intel(R) Core(TM) i3-2100 CPU @
3.10GHz processor and 4 GB RAM is around 20 to 25 minutes.

3.1. Mesh Study

In the current study, a uniform orthogonal mesh is used. The mesh independence analysis has been
implemented for Configuration-l under critical conditions: Ha =30,Q =2,y = % 8o =1and @, = 2%. Table 5
demonstrates the grid sensitivity analysis for various grid sizes versus Nusselt number (Nu) and streamfunction
[¥]max- Among the grid sizes 31 x 31, 61 x 61 and 121 x 121 for the grid 61 x 61 the changes in the Nu and [ |yax
values are in the tolerance level (< 5%) and it is applied for all cases.

Table 5: Errors associated with the average Nusselt number (Nu) and streamfunction [¢|,,,, on the grids at Ha = 30,
Onnp =0.02,80=1,Q=2,y = g in Configuration-I.

Ra Grids Nu 4= Wt = Nisiaal o000 (W] max _ Whnarey = Wlnarral 100%

Nugixe1 [Pl maxerver
31 x 31 5.859 4.86% 0.298 2.71%

Ra = 10* 61 X 61 5.158 0% 0.306 0%
121 x 121 6.458 4.87% 0.313 2.15%
31 x 31 7.857 4.66% 5.054 2.81%

Ra =10° 61 x 61 8.241 0% 5.200 0%
121 x 121 8.637 4.80% 5.309 2.1%
31 x 31 13.533 4.75% 13.803 2.85%

Ra =10° 61 X 61 14.208 0% 22.279 0%
121 x 121 14.896 4.85% 14.471 1.85%
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3.2. Verification

The validation of the numerical solution is an important part to validate the in-house code for a simulation with
other published work. In order to ensure the authentication of our applied solver in present study, several
comparisons have been carried in tabulated form (Table 6) as well as graphical form (Fig. 2). Table 6 presents a
comprehensive validation for Nu,, among experimental data [43], various numerical techniques [44] and present
study. The purpose of this validation is to establish the used higher order compact scheme with the existing
literature. In this validation, we have considered three different volume fractions of Al,O3 - H,O nanoliquid. The
obtained results demonstrate excellent agreement, further affirming the accuracy of the computational model. Fig.
(2) depicts another validation between Al-Amiri et al. [45] and our computed results for the streamlines and
isotherm patterns. The type of the flow is a mixed convection within a wavy walled cavity. In this validation, the
non-dimensional parameters are considered as Pr = 0.71, Ri = 0.01, Gr = 10*, 1 = 3 and A = 0.05. A good match is
observed between present work with [45]. All these validations give us confidence that our in-house code can
accurately compute the solution and thereby this code is used to study the problem considered here.

Table 6: Comparison of Nu,, between the experimental results, various numerical techniques and the present work
for various ¢, Ra,s and Pr,.

Nu av ¢=1% ©=2% ¢ =3% Average Variation From
Ra,; = 7.74547 x 107 Ra,; = 6.675118 x 107 Ra,; = 5.6020687 x 107 existing resilts
Pry; = 7.0659 Pr,; = 7.3593 Pry,; = 7.8353

Exp [43] 32.2037 31.0905 29.0769 1.2%
FEM — 2D [44] 31.8633 31.6085 28.2160 0.97%
FEM — 3D [44] 32.7829 32.1833 31.3692 3%
FDM — 2D [44] 30.6570 30.5030 30.2050 2.2%
LBM — 2D [44] 30.0010 29.8370 29.6180 4.4%
Obtained data 32.0521 31.2089 30.1379 -

8(0.,1) A=3 W(-0.0919,1.134x107)
7 N N TN »
(@)

0(0,1) =3 V(-0.1179, 1.444x10°°)

2 o o HaNe Fa%

(b)
Figure 2: Comparison of the streamline and temperature contours between (a) numerical work [45] and (b) present study.
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4. Results & Discussion

This section presents the results and their physical interpretation for a system analyzed over a broad
parametric space. The study explores the effects of buoyancy (10* < Ra < 10°), magnetic field (10 < Ha < 50).
Further considerations include internal heat generation (-5 < Q < 5), magnetic field inclination (0 <y < m/2), and
nanoparticles volume fraction (0 < @y,;, < 0.02). The analysis is conducted with fixed values for the magnetic
number (6, = 1) and Prandtl number (Pr = 5.95). The practical relevance for the considered parameters with such
ranges include, MHD cooling systems with moderate magnetic fields, electronic cooling / thermal management of
small devices, hybrid nanofluid stability, and chemical reactors; internal heat sources. Two different geometrical
configurations have been considered depending on the single and double vertical wavy walls.

4.1. Visualization of Transport Phenomena through Contour Plots

The 2-D visualization of streamlines and isotherms through contour plots are the effective ways to analyze the
transport phenomena within the flow domain. The streamfunction values (i) indicates the volumetric flow rate in
every region of the flow domain. Whereas, the isotherms indicates the distribution of thermal energy within the
domain. It is very important to consider the role of various non-dimensional physical parameters and their
impacts on streamlines and isotherms.

4.1.1. Effect of Thermal Buoyancy for Different Configuration of the Considered Domain

The influence of thermal buoyancy, governed by the Rayleigh number (Ra), on the flow structure and heat
transfer is depicted in Fig. (3) and Fig. (4). These figures illustrate the evolution of the transport field, visualized via
streamlines and isotherms, for the single undulation (Configuration-I) and double undulation (Configuration-Il)
geometries, respectively. The results are presented for a range of Ra, with all other parameters held constant at
Ha=30,0Q=2,6,=1,y=m/2, and Ohnp = 2%.
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Figure 3: Streamlines and isotherms profiles for single undulation configuration when Ha =30,Q =2,6, =1,y = g and @, =
2% due to various Ra.
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Figure 4: Streamlines and isotherms profiles for double undulation configuration when Ha=30,Q =2,8,=1,y =§and
@rnp = 2% due to various Ra.

For the single undulation geometry (Fig. 3), the flow and thermal fields exhibit a classical response to increasing
Ra. At low Ra, the flow is weak and dominated by two symmetrical large recirculating vortex that fills the primary
cavity. The corresponding isotherms are nearly parallel and vertical, characteristic of a conduction-dominated
regime where heat transfer is primarily due to diffusion, and the damping effect of the magnetic field (Ha = 30) is
significant. As Ra increases, the intensifying buoyancy force strengthens the primary vortices and begins to distort
the flow, drawing it towards the undulation. The isotherms become increasingly curved, indicating the onset of
convective heat transfer, with the development of thermal plumes from the heated surfaces. At the highest Ra,
two strong, asymmetric primary vortex is established, and the isotherms are highly distorted, showing thin
thermal boundary layers and significant mixing in the core, signifying a transition to a convection-dominated
regime.

In stark contrast, the double undulation geometry (Fig. 4) fosters a far more complex flow structure. At low Ra,
the flow is not a single large cell but is already structured into multiple, weaker vortices nestled within the cavities
created by the undulations. The isotherms, while still relatively linear, show a more complex distribution due to
the intricate geometry. As Ra increases, this multi-cellular structure is not suppressed but instead intensified and
becomes the defining feature of the flow. Secondary vortices strengthen and become more distinct, creating a
compartmentalized flow field. The isotherms evolve into a highly complex and wavy pattern, tightly packed within
the undulations, indicating localized regions of intense heat transfer. At high Ra, the flow is characterized by
vigorous, interacting recirculation zones in each cavity, and the isotherms reveal strong, localized thermal plumes,
demonstrating that heat transfer is enhanced and governed by the complex geometry guiding the buoyancy-
driven flow.

4.1.2. Role of Internal Heat Effects for Different Configuration of the Considered Domain

The interplay between buoyancy-driven flow and internal heat effects on the system’s thermal performance is
described in Fig. (5) (for one undulation) and Fig. (6) (for two undulations) through the streamlines and isotherms
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contours. The results are presented for various Q, with all other parameters held constant at Ha = 30, Ra = 10°,
8o =1, opnp = 0.02, and y = /2, a configuration indicative of a strong, buoyancy-driven flow regime.

Streamlines
Isotherms

1475 (Q=0) © Nu=14.068(Q=0)

Y= 22.033, y.=2
Vo= -22.622, v, =21.872 (Q=35) Nu=14.407 (Q=5)
Wion= -21.343, Wo=20919 (Q=-5) Nu=13.679 (Q=-3)

Figure 5: Streamlines (left) and isotherm contours (right) for the single-undulation wall configuration illustrating the effect of
the heat generation/absorption parameter Q (Q = 0,5,—5) on the flow structure and thermal field at Ha = 30, Ra = 10%, §, = 1,
y =m/2, and gp,, = 2%. Increasing Q intensifies thermal gradients and strengthens circulation, whereas negative Q weakens
convection and thickens the thermal boundary layers.

Fig. (5) reveals the significant impact of the internal heat source/sink parameter Q on the convective dynamics
within the single undulation enclosure. At a high Rayleigh number (Ra = 10°), the flow is inherently vigorous, but
the direction and intensity of this flow are critically modulated by Q.

For Q > 0, representing an internal heat source, the fluid within the entire domain experiences an additional
heating effect. This strengthens the overall buoyancy force, leading to a more intense primary circulation cell. The
streamlines become densely packed, indicating higher fluid velocities. The isotherms reflect this by showing a
significantly warmer core region. The thermal boundary layers may become thinner and more distorted as the
internally heated fluid vigorously rises and interacts with the boundary-driven flow, enhancing thermal mixing.

When Q = 0, the system is devoid of internal heat generation. The flow and temperature fields are driven solely
by the boundary conditions. The resulting streamline pattern shows a strong, classic buoyancy-driven vortex, and
the isotherms depict heat transfer from the hot to the cold wall through a combination of advection and
conduction, without internal thermal forcing.

For Q < 0, which corresponds to an internal heat sink, the phenomenon of thermal suppression becomes
evident. The heat sink absorbs thermal energy from the fluid, counteracting the buoyancy effect generated by the
hot wall. This leads to a marked weakening of the flow circulation, as seen in the sparser and less contorted
streamlines. The isotherm patterns undergo a dramatic change: they become notably straighter and more parallel,
resembling a conduction-like profile. This indicates that the internal heat absorption is effectively damping the
convective strength, pulling the system back towards a less efficient, diffusion-dominated heat transfer regime
despite the high external Ra. The core temperature of the fluid also decreases substantially compared to the Q = 0
cases.

Fig. (6) demonstrates the role of internal heat generation/absorption in the double undulation configuration.
The complex geometry leads to a more nuanced response to changes in Q compared to the single cavity case. At
this high Ra = 10°, the base flow is multi-cellular, but the strength and structure of these cells are profoundly
influenced by internal heating effects.

For @ > 0 (internal heat generation), the already vigorous multi-cellular flow is significantly intensified. The
additional buoyancy from volumetric heating strengthens all existing vortices, leading to higher fluid velocities, as
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evidenced by the densely packed streamlines in both undulations. The isotherms show a markedly warmer core
and highly distorted thermal plumes. The heat source promotes stronger thermal mixing throughout the domain
and enhances the interaction between the adjacent circulation cells, potentially leading to more complex, smaller-
scale flow structures within the cavities.

[=R N
TR
§ (s Ne el z
& 5]
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Nu=13.931(Q=0)
3) Nu=14.257(Q=5)
-20.838, T2 - Nu=13.557(Q=-5)

Figure 6: Streamlines (left) and isotherm contours (right) for the double-undulation wall configuration showing the influence of
the heat generation/absorption parameter Q (Q = 0,5,—5) on convective flow patterns and temperature distribution at Ha = 30,
Ra =105 6, =1,y =n/2, and @u,, = 2%. The double undulation alters vortex structure and enhances thermal mixing
compared with the single-undulation case, with higher Q producing stronger convection.

In the absence of internal heat generation (Q = 0), the flow is governed solely by buoyancy forces arising from
the imposed boundary temperature gradients and by the geometric modulation of the cavity walls. At Ra = 10°,
these combined effects lead to the formation of a segmented multi-vortex structure, which represents the natural
convective equilibrium state for the present wavy configuration. The isotherms exhibit pronounced undulations
that closely follow the local flow circulation within each geometric wave, reflecting the strong coupling between
wall-curvature-induced flow separation and convective heat transport.

For Q < 0 (internal heat absorption), a dramatic suppression of the convective activity is observed. The heat
sink absorbs energy, dampening the local buoyancy forces that drive each vortex. This causes a severe weakening
of the flow, visible in the sparse, wide-spaced streamlines. The distinct, strong vortices observed at Q = 0 degrade
into feeble, poorly defined circulation zones. The corresponding isotherms undergo a striking transformation,
becoming straighter and significantly less contorted. This indicates a regression from a complex, convection-
dominated regime towards a conduction-like state, where the intricate thermal patterns are "smoothed out" by
the loss of thermal energy and the consequent decay of fluid motion. The heat sink effectively nullifies the flow
complexity that the double undulation geometry is designed to promote.

4.1.3. Effect of Magnetic Orientation for Different Configuration of the Considered Domain

The influence of the magnetic field strength, governed by the Hartmann number (Ha), on suppressing
convective flow is depicted in Fig. (7) (single undulation) and Fig. (8) (double undulation). The results are presented
for increasing Ha, with other parameters held constant at Ra = 10°%, Q = 2, §, = 1, @y, = 0.02, and y = m/2.

Fig. (7) demonstrates the damping effect of the magnetic field in the single undulation configuration. At low Ha,
a strong, asymmetric primary vortex characterizes the flow, and the isotherms are highly distorted, indicating
vigorous convection. As Ha increases, the Lorentz force opposes the buoyancy-driven flow, leading to a significant
weakening of the vortex. The streamlines become sparser, and the flow cell shrinks and centralizes. Consequently,
the isotherms transition from curved, convective patterns to straighter, more parallel lines, signifying a regression
towards a conduction-dominated heat transfer regime as the magnetic suppression overwhelms the buoyant
forces at Ra = 10°.
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Figure 7: Streamlines (top row) and isotherm contours (bottom row) for the single-undulation wall configuration showing the
effect of the Hartmann number Ha (Ha = 10,30,50) on flow structure and temperature distribution at Ra = 10°, Q =2, 6, =1,
y =m/2, and @u,, = 2%. Increasing Ha suppresses fluid motion due to enhanced magnetic damping, weakens vortex intensity,

and reduces convective heat transfer.
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Figure 8: Streamlines (top row) and isotherm contours (bottom row) for the double-undulation wall configuration illustrating
the influence of the Hartmann number Ha (Ha = 10,30,50) on convective flow patterns and thermal fields at Ra = 105, Q = 2,
8o =1,y =m/2, and @p,, = 2%. Stronger magnetic fields attenuate circulation strength and modify vortex topology, leading to

diminished heat transfer rates.

164



Heat Transfer in Hybrid Nanofluid Wavy Systems Chattopadhyay et al.

Fig. (8) reveals the magnetic damping effect on the more complex double undulation geometry at a higher
Ra = 10°. At low Ha, the flow is multi-cellular, with distinct vortices occupying each cavity, and the isotherms are
highly complex and wavy. With increasing Ha, the Lorentz force progressively dampens these vortices. The smaller,
secondary vortices are the first to be suppressed and vanish, followed by the weakening and simplification of the
primary circulation cells. The corresponding isotherms gradually lose their waviness and become smoother and
more linear. This shows that a strong magnetic field can effectively erase the geometric complexity of the flow,

homogenizing the temperature field and stifling the local heat transfer enhancement generated by the
undulations.

Thus, increasing the Hartmann number consistently suppresses fluid motion and convective heat transfer in
both configurations. However, the double undulation's complex, multi-cellular flow is more susceptible to
magnetic damping, as the geometry-induced secondary vortices are stabilized by inertia at high Ra but are readily
eliminated by the application of a strong magnetic field.

4.2. Evaluation of Thermal Performance and Volumetric Flow Rate through Nusselt Number and
Streamfunction ()

The thermal performance and volumetric flow rate are key metrics for evaluating the efficiency of any thermal
system. In convective heat transfer studies, these are quantified by the average Nusselt number (Nu,,) and the
maximum streamfunction (Y.,), respectively. An increasing trend in the Nusselt number indicates strong thermal
mixing within the flow domain, which ensures better thermal efficiency. Conversely, a downtrend in the Nusselt
number signifies poor thermal performance. On the other hand, higher values of ¥,,,, correspond to a greater
volumetric flow rate (per unit depth), reflecting stronger circulation intensity within the enclosure.

Fig. (9) presents the combined effects of the internal heat parameter (Q) and the enclosure configuration on
these critical performance metrics, with other parameters fixed at Ra = 10°, Ha = 30, §, = 1,y = n/2, and @y, =
2%.
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Figure 9: (a) Nu,, (b) Y. for different values of Q at Ra = 10%, Ha = 30,6, =1,y = % and @nn, = 2% in different configurations.

Subfigure (9a), depicting the average Nusselt number (Nu,,), reveals a clear trend: Nu,, increases with Q for
both configurations. This is physically consistent, as a positive Q (internal heat generation) augments the buoyancy
force, intensifying fluid motion and convective mixing, thereby enhancing heat transfer from the walls. The double
undulation configuration consistently exhibits a higher Nu,, than the single undulation across all Q values. This
performance superiority is attributed to the more complex flow path and the multi-cellular flow structure in the
double undulation, which promotes greater fluid mixing and disrupts thermal boundary layers more effectively
than the simpler, single-vortex flow in the single undulation.
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Subfigure (9b), showing the maximum streamfunction (y.c), demonstrates that the flow strength also
increases with Q for both geometries, following the same buoyancy-enhancement mechanism. The double
undulation configuration consistently registers a higher 1., than its single undulation counterpart. This indicates
that the geometric complexity of the double undulation not only creates a more complex flow structure but also
facilitates a stronger overall circulation within the domain. The stronger flow directly contributes to the enhanced
thermal mixing observed in subfigure (9a).

5. Conclusion

This study presents a numerical analysis of magneto-thermo-convective heat transfer of an Ag-MgO/water
hybrid nanofluid in a wavy-walled cavity with localized bottom heating, incorporating magnetic-field-dependent
viscosity (MFDV) effects. The combined influence of cavity undulation, magnetic field orientation, and variable
viscosity under magnetic intensity has not been previously reported for this configuration. The findings provide
useful guidelines for designing thermally efficient enclosures subjected to magnetic control.

The main outcomes of the present work are summarized as follows:

1. The double-undulation cavity (Configuration-ll) produces stronger circulation and better fluid mixing than
the single-undulation cavity. This leads to higher average Nusselt number and larger streamfunction
magnitude. Geometric modification is therefore an effective passive technique for heat transfer
enhancement.

2. Increasing the Hartmann number suppresses fluid motion due to the Lorentz force. As a result, convection
weakens and heat transfer decreases.

3. The magnetic-field-dependent viscosity parameter further alters the flow by increasing local resistance to
motion. This introduces an additional level of magnetic control over thermal performance.

4. Higher Rayleigh numbers significantly strengthen buoyancy-driven circulation and enhance heat transfer.

5. Internal heat generation intensifies vortices and increases thermal gradients, whereas internal heat
absorption weakens convection and shifts the system toward conduction-dominated transport.

6. The orientation of the magnetic field modifies vortex structure and affects the degree of flow suppression.

7. Maximum thermal performance is achieved for high Ra, double-undulation geometry, and positive heat
generation, while strong magnetic fields and heat absorption reduce system efficiency.

From a practical viewpoint, the present results indicate that combining geometric tailoring with magnetic-field
regulation and controlled internal heating can be used to optimize heat transfer in electronic cooling devices,
energy storage systems, and thermal management enclosures.

Nomenclature
By Magnetic effect (Amp.m—1)
Cy Specific heat (J.kg—1.K—1)

Gravitational acceleration (ms—2)

Ha Hartmann number (BoL./ O /PnfVy)
k Thermal conductivity (W.m—1.K—1)
d, Radius of nanoparticles, nm
14 Dimensional pressure (N.m—2)
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P

Pr
Ra
Qo

Q
Nu

uv

Greek Letters

$m

Subscripts

Lj
f
hnp
hnf
av

c

Dimensionless pressure
Prandtl number

Rayleigh number

Dimensional of heat generation or absorption

Dimensionless of heat generation or absorption

Nusselt number

Chattopadhyay et al.

Dimensionless velocities in non-dimensional X, Y directions respectively

Dimensionless coordinate in computational plane

Kinematic viscosity (m2.s—1)
Density (kg.m—3)

Dynamic viscosity (Pa.s)
Inclination angle

Thermal diffusivity (m2.s—1)
Thermal expansion coefficient (K—1)
Electrical conductivity (uS.cm—1)
Solid volume fraction

Viscosity parameter
Temperature of heat sources (K)
Temperature of heat sinks (K)
Dimensional temperature

Dimensionless temperature

cell faces

fluid

hybrid nano particle
hybrid nanofluid
average

cold wall

hot wall
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